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Broad Overview

Partial differential equations (PDESs) on polygonal/polyhedral domains may
have nonsmooth solutions and, as a consequence, many numerical methods
have difficulties. We address this problem in a least-squares finite element

context.

Target Applications:

¥ Elasticity
B Linear

B Geometrically Nonlinear (soft tissue, e.g.)

¥ Incompressible Fluid Flow
B Navier-Stokes

B Non-Newtonian (biological fluids, e.qg.)
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Outline

Regularity of 2nd order problems

Prototypical div-curl and H(div) least-squares methods

Weighted-norm minimization
Theoretical results
Numerical results

Example in viscoelasticity

Conclusions / open questions / current projects
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Standard Sobolev Norms and Spaces

The L*(Q) norm of u is
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Spaces for Vector Functions

for vector functions, u € L?(Q2)?

lulls = ([ull® + [Vul]*)

1/2
lallsaiey = (Il + 1V - uf?)"

1/2
lall2eurny = (Jul? + IV x ul?)"

butwhenis H(div) N H(curl) = H'?

1/2

H' C H(div) N H(curl)
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PDEs and Regularity in Nonsmooth Domains

Let 2 be a polygonal domain in R?.
Consider the Dirichlet problem for Poisson’s equation

Ap = f, In Q
p =0, on 0N

Q: If f € L*(Q2) when can we expect p ¢ H*(Q) ?
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PDEs and Regularity in Nonsmooth Domains

Let 2 be a polygonal domain in R?.
Consider the Dirichlet problem for Poisson’s equation

Ap = f, In Q
p =0, on 0N

Q: If f € L*(Q2) when can we expect p ¢ H*(Q) ?
A: It depends on €2. If 2 is convex then the problem has full regularity and

feL?(Q) = pecH Q).
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Nonsmooth Domains

The solution to Poisson’s equation near the
corner may have a component of the form:

s(r,0) = r%sin(af), a= T
w

(r,0) alocal polar coordinate system
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Nonsmooth Domains

pP=Dpo+s

w > T

The solution to Poisson’s equation near the
corner may have a component of the form:

s(r,0) = r%sin(af), a= T
w

(r,0) alocal polar coordinate system

po € H*(Q), se H' Q)

a<l = pd¢HQ)
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Singular Functions for 2nd Order PDEs

Poi sson Singularities

a=T7/w

) 1
pe H Q)

a <1 = Loss of regularity for the PDE

This singular behavior is known for many 2nd order PDEs. (Grisvard et. al.)
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Other PDEs: 2-d Linear Elasticity

a VS. w for linear elasticity with Lamé constants A = 2.15, u = 1.

2

In general, the singular solutions may depend on

Pure Di spl acenent

W Corner angle, w
¥ Boundary condition type
B PDE coefficients

® Nonlinearities

2‘7'(

2

M xed Boundary Conditions

0 JT 2‘7T
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Implications for Numerical Methods

Convergence of standard methods is limited by the smoothness of the solution.

example:
P, = degree k piecewice polynomial functions on a mesh of size h.
The interpolant onto P gives

lp—I"pl| < ch®|plla  for a <k-+1.

— convergence is limited by both the FE space and «.

Pollution Effect :

Reduced rates are seen globally even though the singularity is local.
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Numerical Solutions to PDEs

Let
Lu=f

be a first-order PDE on a bounded Q c R,

W [ first-order differential operator

B 4 €)Y unknowns

® Y some appropriate function space
m V" cV afinite element space

B fc L?(Q) given data function
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Least-Squares Methods

Define the least-squares functional
G(u; f) = |[Lu — flx
Minimizing G over V" is equivalent to the weak problem:
Find u" € V" such that (Lu" — f, Lv™)x =0 Vo™ e V.

Here, a variational problem is formed by minimizing the residual of the problem
in the norm || - || x. This leads to a s.p.d. linear problem of the form

Aij = (Loj, Loi).

(Here, {¢:} is the basis of the approximation space.)
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If the approximation error is e = 4" — « then

G(u"; f) = | Lu" — flI%
= ||Lu" — Lu|/%

= | L(u" — )%

= ||Le™||%
= G(e™;0)

and we seek to show V-ellipticity: 9 co, c1 > 0 where
collully < || Lu|lx < ei||ully forall uwe V.

—> minimizing G(u", f) minimizes the error in the ¥ norm.

Least-Squares for Nonsmooth Domains, Hannover, July 2007 — p. 14



The design of a least-squares finite element method involves...

B formulating an appropriate first-order system, Lu = f

¥ finding the right norm,

- || x, to minimize over
¥ proving equivalence of LS functional to a meaningful norm on V

® choosing good FE spaces, V! c V
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2 Specific Examples for Poisson

(Vp—u=0,

V-u=f Q

(1){ Vxu=0, Q)
p=20, X
T-u=0, 00

\

div-curl method

{

Ap=f, €
p=20, 0N

(Vp—o =0,
V-o=f

)5 p=0, 0N
T-0=0, 01

H(div) method
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div-curl Method

Gi(w; f)=||V-u—f|I°+ |V x u|?
om0 o (s f) = [V -u— S+ )V x )

v.oazf O Galp ) = | Vp — u?
! Vxu=0, Q
p=0, O V={veH (Q): 7-v=00ndN}
| 7-u=0, 099 W={qeH (Q): qg=0o0nd0}

(1) Given f € L?*(2), choose u so that

Gi(u; f) = min G (v; f)

veV

(2) Given u € V, choose u so that

Ga(p;u) = min G2(q;u)
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First stage functional, G,

We would like to solve
V-ou=f Q
{ Vxu=0,

over a subspace of H'(Q). Naturally,

feL?*(Q) = ue H(div)N H(curl).

Full regularity would give

fel?Q) = pe H(Q) = ue H(Q).

For polygonal domains H*'(Q) = H(div) N H(curl) <= € is convex.
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Numerical Approximations and Convergence

Let 7" be a regular triangulation of Q of elements, K, of size O(h), and P, (K)
be the space of linear polynomials on K.

u' eV ={ve H(Q): 7 -v]pa =0,v|x € P(K)VK € T"}

continuous piecewise linears

B if o < 1thenu € H(div) N H(curl)\H" (), and the method will not
converge to the right solution.

B if o € [1,2) thenu € H'(Q)\H?(Q), and the method will converge slowly.

B if o > 2thenu € H*(Q), and the method will converge at optimal O(h).
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The Pollution Effect, o =2/3

77

Exact component u;
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u? computed by standard LS
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1 1
1 3
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2.5
0.8
0.7
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o6 u; —uf
0.5 - 11.5
Standard LS
0.4
11
0.3
0.2
0.5
0.1
0
0 0.2 0.4 0.6 0.8 1

Significant global errors persist due to gap between solution space and
approximation space.
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H(div) Formulation of Poisson

(Vp—o =0,

V.oa=f
<
p=0, 0Q G(p,o; f) = |[Vp—a|*+|V-o— £
| T7-0=0, 90

p € H'(Q) and o € H(div) naturally

—> use FE spaces that conform to these...

Raviart-Thomas space of order 0: RT,(K) = Po(K)®* + xPy(K).

pr eVt ={qe H'(Q) : qloa =0,q|x € P(K)V K € T"}

o" e W' ={r € H(div) : 7|k € RTZ(K)V K € T"}
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Mixed Finite Element Spaces

P is the space of continuous, piecewise linear functions. RTj is also linear on
each element, but instead of enforcing continuity we conserve a vector flux
across the edges.

Pk € PL(K) 0" |k € RTo(K) = Po(K)*+xPo(K)

P2

D1
P3

degrees of freedom at corners degrees of freedom on edges
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This formulation leads to
Ip—p"[lL + o =" |+ |V (o — )| ~ O(h)

W o>1 — globally optimal convergence

® o<1 = (globally slow convergence

Summary so far...
Least-squares methods work well when full regularity can be guaranteed...

® div-curl methods in H' spaces require o > 2

B H(div) methods in H' x H(div) spaces require a > 1
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Least-Squares Methods

Main Advantages
¥ s.p.d. linear systems often solved scalably with multigrid methods
¥ Accurate simultaneous approximations to meaningful physical quantities
¥ Well-posed minimization principles by design
® No need for artificial stabilization
¥ Freedom in choice of FE spaces (no LBB condition as in mixed methods)

B Free a posteriori error estimator in natural norm

Main Disadvantages
B Often more unknowns to approximate
® Often higher regularity requirements

¥ Not always strongly conservative
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Intuition:  The pollution effect is caused by the method paying too much
attention to the solution where it is difficult to approximate. By shifting more
attention away from the singularity we can recover optimal convergence away
from the singularity. Near the singularity we can expect no better than the FE
space will allow.

Our Approach:  Weighted norm minimization
Again consider solving Lu = f in some nonsmooth €2, but minimize
G(u; f) = Jlw(Lu — f)|*

where w is some weight function of the form w = r° near each singular point.
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Define the weighted Sobolev norm and space:

lulles = () #7777 "D7u|?)z,
31k

HE(Q) = {u: [ulls,s < oo}.

For example:

2 2 —1_112
Il = FVul* + |77 ul

These norms induce homogenous weighted spaces, or “Babuska-Kondratiev
spaces, as opposed to nonhomogenous norms which have the same weight
for each term. These spaces are natural for our analysis.
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Example 1. div-curl Formulation of Poisson

V- f
Let L = , and f = :

Gu;f) = | (V-u— P + |’V x u|?

= Ir°(V-u— 5.5+ 17"V x ull§

= ||Lu — f||3 5

We (Lee, Manteuffel, Westphal) show the equivalence

G(u;0)'% ~ |lul|1s for B<|1—al
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div-curl Theory

Theorem (Lee, Manteuffel, Westphal) Let €2 be a polygonal domain with one
corner admitting a singularity of power « and assume f € L*(Q). Let

u € H%(Q) satisfy Lu = f. If u" € V" is chosen to minimize the weighted
functional,

hoey h oen2
Guw(u™;f) = vglelgh | Lv fHO,B?

for1 — a < 8 < min(1 + a,2 — «a), then the approximation error, u — u”,

satisfies the following bounds:

(1) lu— |15 < Ch P ul| g0, O(ho+o~1)
(2) Gw(u—u";0)% < Ch*"P 7 |ul|ass.s, O(hetP=1)
(3) lu—u"]jo.s < Cho*|[ul|ats,s, O(h+?)

(4) lu—u"llo < CR*(lulla + [lulla+se).  O(AY)

Least-Squares for Nonsmooth Domains, Hannover, July 2007 — p. 29



div-curl Numerical Test Problem

Let
p(r,0) = (5(7“)7“% sin(260/3),
Q = (0,1)*\(0.5,1) x (0,0.5).

Define f = Ap.

feL*Q), p¢ H(Q)

We consider minimizing

Gu(u";f) = [|Lu" — £]5 4

over the space of bilinear finite elements of uniform meshsize h.
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111—11?

Standard LS, No weighting

25

11.5

0.5

111—11?

Weighted-norm LS, 6 = 4/3
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Example 2. H(div) Formulation for Scalar Elliptic Problems

—V - -AVp+b-Vp+cp=f, Q
{ p=0, 01

Assume A s.p.d. and denote Xp :=b - Vp + cp. Define o0 = —AVp and

G(p, o f) = [A72(a + AVD)[§6, + IV - + Xp — fll5,5,

for

p € {q € Hs, (Q) : glon = 0}

oc{rcHy(Q):V- -7 Hp(Q)}
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H(div) Approach: Weighted Norms

Define

2 2 2 1/2
1o Flollos +1IV-alos,)

i, o)llg:.62 := (llpl
For 51 < (B2 < (1 4+ 1 and 31 < |a| we (Cai, Westphal) show that
G(p,a:0)""* ~ |(p, o) ll61,52
and minimizing over the mixed H' x H(div) spaces leads to:
e = p" 0 = ™)llg1.50 < b1,

o — o] < ch®.
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Numerical Results: Dirichlet on L-shaped Domain

Convergence rates™ for a =2/3, (2 =0.3

G(p, o3 )"/ lo — "
G| Q@ Q O G| Q@ Q O
0.0 | 0.67 0.65 1.02 0.0 | 0.65 0.64 127
0.1 | 076 075 101 0.1 | 0.64 064 125
0.2 | 0.85 0.83 1.00 0.2 | 0.63 0.63 1.19
0.3 092 0.90 1.00 0.3 | 062 062 114

*Work with Grinnell student Sam Calisch, summer 2006; based on h—! = 256, 512.
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Target Application: Blood Flow

Many biological models assume a Newtonian model for blood flow. A more
realistic model involves

B Characterization of the elastic nature of the fluid (viscoelastic behavior)

B A shear-dependent viscosity (shear thinning behavior)

Blood can be modeled as an elastic polymer (red blood cells) dissolved in a
viscous solvent (blood plasma). This can be modeled by the Oldroyd-B
equations (a generalization of Navier-Stokes’ equations).
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Oldroyd-B Viscoelasticity

The steady state equations are

( V-u=0,
) —pusAu+Reu-Vu+Vp—-V .17 =1,

| T+ We (u- VT — (Vu)T — 7(Vu)’) — 2uce(u) = 0.

velocity u
pressure p
elastic stress T
and one more...
H(div) method : total stress o =7 + 2use(u) — pI  (Cai, Westphal)
div-curl method : velocity gradient U = Vu (Westphal)
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Numerical Results 4:1 Contraction

w~r

. =
T

Alves et al. (2003) shows u ~ /9, 7 ~r

—2/3
— T ¢ H'(Q)
It's also clear that 7 is not necessarily in H(div).

We choose w = r” to make 7 € H3(Q) = B~ 1.7

Thus, in both div-curl and H(div) approaches, aggressive weighting is
necessary for terms associated with .
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Numerical Results 4:1 Contraction

Xr VS. We

X~ = horizontal reattachment length |

1.5 ®

1.3 XAXXXKXXX

HKAHKXX

Aboubacar & Webster (2001)

Matallah et al (1998)

Meng et al (2002)

Phillips & Williams (1999)

Rogerson & Yeow (1999)

Sato & Richardson (1994)

Yoo & Na (1991)

—+— This Work (Recommended Values)

——~% - This Work (UDS - mesh M1)

05 mM—4—r—r+i—
0.0 0.5 1.0 1.5 2.0 2.5 3.0

1.1 7

0.9 1

oom<eC XD e

0.7 7

With 6 = 1.7, our results™ (in red) track well with the current benchmark of
highest resolution. Ignoring the singularity, our computations show the wrong
trend: increasing ., with We.

* Numerical computations done with Wabash student, Haris Amin, summer 2006.
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Conclusions

Least-squares methods work well, but often have higher regularity
requirements than other methods. A weighted-norm least-squares
approach is one way to recover from this.

The method is flexible and trivially implemented into existing LS code.

It doesn’t require specific knowledge of the singular functions, only an
estimate of the severity.

Theory and computation both generalize to 3-d.

It can be used in conjuction with adaptive refinement.

It is a good time to be in numerical analysis / scientific computation!
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