WEIGHTED-NORM FIRST-ORDER SYSTEM LEAST-SQUARES
(FOSLS) FOR DIV-CURL SYSTEM WITH THREE DIMENSIONAL
EDGE SINGULARITIES
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Abstract. A weighted-norm first-order system least-squares (FOSLS) method for div/curl prob-
lems with edge singularities is presented. Traditional finite element methods, including least-squares
methods, often suffer from a global loss of accuracy due to the influence of a nonsmooth solution near
polyhedral edges. By minimizing a modified least-squares functional, optimal accuracy in weighted
and non-weighted norms is recovered. Error estimates with and without mesh refinements are pre-
sented and numerical results are given to confirm the theory.
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1. Introduction. In this paper, a weighted-norm first-order system least-squares
(FOSLS) method for problems with edge singularities is studied. The least-squares
finite element method is well-suited for many problems with first-order differential
operators. Such systems often arise naturally from physical laws or can be formulated
from a higher-order system (cf. [18]). The numerical solution is found by minimiz-
ing the norm of the residual of the system over an appropriate finite element space.
Thus, to approximate a solution to the first-order system, the goal of a least-squares
method is largely to choose the correct norm and finite element space. Under sufficient
smoothness assumptions, many least-squares functionals induce a norm that can be
shown to be equivalent to the product H'-norm, indicating that H'-conforming finite
elements and multigrid can be used to solve the equations efficiently (cf. [9],[10]).
However, the presence of boundary singularities may cause a loss of H!'-equivalence,
and the use of H'-finite element spaces may cause a loss of global accuracy in the
approximate solution.

We focus on problems posed in polyhedral domains where the boundary contains
edges with inner angle larger than 7 or edges upon which different types of bound-
ary conditions meet with an inner angle larger than 7/2. Such problems generally
require special consideration and have been the focus of study in both Galerkin and
least-squares methods. One of the most common approaches is to use H(div) or
H (curl)-conforming finite elements, for example, Raviart-Thomas or Nédélec’s edge
elements (see [29]). In papers [15] and [7], finite element spaces having a grid decom-
position property and H(div)-conforming finite element spaces to get optimal con-
vergence were investigated. In the classical paper [14], singular functions are added
to standard finite element spaces, admitting optimal approximations at minimal ad-
ditional cost. This approach in the context of a FOSLS formulation was explained
in [5] and [6]. A weighted regularization in which weight functions were used in the
divergence integral was presented in [13]. In [8], the H ~!-norm least-squares approach
in discrete space was introduced in a weak variational formulation. In [24] and [22],
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two different types of modified first-order system LL* methods were developed that
allow an accurate approximation using H'-conforming finite elements for equations
having singular boundaries in two and three dimensions, respectively. The latter of
these employed partially weighted functionals.

In [23], two dimensional div/curl problems with boundary singularities are solved
by minimizing a functional weighted according to the distance from the singular point.
Here, we extend our earlier work to three dimensional problems with edge singularities
and further consider local mesh refinement. Since many properties do not follow the
two dimensional ones, this extension requires the investigation of the three dimensional
singular solutions in the proper weighted Sobolev spaces and the establishment of
certain new Poincaré-type bounds in scalar and vector forms. The goal of this paper
is retaining the global L? accuracy and achieving the optimal order discretization
accuracy in the induced weighted Sobolev spaces. In section 2, we introduce notation,
definitions and our model problem. Some regularity results in weighted Sobolev spaces
are described in section 3. In section 4, we investigate Poincaré inequalities in weighted
Sobolev spaces. We prove optimal L?- and H'-error convergence away from the
singularities and and the optimal L?-error convergence globally by error estimates in
weighted norms and L?-norms in section 5. Establishing error estimates in weighted
L?- and H'-norms with graded mesh refinement are presented in section 6. In section
7, we report several numerical examples. The theory applies for a range of values for
the power of the weight function. Our numerical results show remarkable agreement
with theory within this range and somewhat outside this range as well, indicating the
possibility that the theory can be extended.

2. Weighted-norm least squares. Let () be a polygon in R? and I C R be a
bounded interval. Then, consider the prototype domain

Q:=Q xICR? (2.1)

which is a polyhedral cylinder. In this paper, we restrict ourselves to the case where
the domain has one singular edge, which means

e the polygon @ has a corner with inner angle > , or

e different types of boundary condition meet at the edge with inner angle > 7/2;
however, the general case follows by consider our approach as a local result. We refer
to the edge that causes the boundary singularity as E and the inner angle of the edge
E as w. From now on, the value A indicates m/w. We assume that E does not lie on
top and bottom of the boundary, that is, E = (xg,y0) X I C 092. By translation and
rotation, we may suppose that E coincides with the z-axis. Without loss of generality,
we further assume diam(Q) < 1.

We denote by (-,-) and || - || the L2-inner product and norm, respectively. Let

H*(Q) be the standard Sobolev space with the norm || - || and the semi-norm | - |,.
Denote by H g (Q) the weighted Sobolev space of functions u such that

k
m|— m, |2
HUIIi5= Z /QT‘Z(BH 1=k | D™ u|? d < oo,

|m|=0

where r := r(x) is the distance of x € Q from the singular edge, E, and |[D™u|? =
Y artastaz—m 991932023 u|?. The corresponding semi-norm is | - |5 = |D¥ - lo.5-
Characters in bold represent vector functions and components are subscripted by
integers. For example, u = (u1, uz, u3)?, and the vector L?-norm is given by [lu|| =
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(lua |2 + |luz]|? + |lus||?)2. Define Hilbert spaces H(V-) and H(Vx) as the spaces of
L? vector functions, u, satisfying V- u € L?*(Q) and V x u € L?(Q)3, respectively.
For convenience, we omit the superscript ¢ for vector transpose. Throughout
this paper, ¢ is a generic constant that is used to denote various constants and its
dependence on other quantities will be indicated if necessary.
Consider the div/curl system

Vxu=f, in €,
V-u=y, in Q,

g (2.2)
nxu=0, on I'p,

n-u=0, on Iy,

where n is the outward unit normal and I'p, 'y are a finite number of connected
pieces satisfying Ip NIy = 0, I'p UT'y = 9Q. The above system can be rewritten as

Lu:{vv%}u:{z]:ﬂ (2.3)

where L is a linear operator from U to L?(Q)* with
U={ve HV)NH(Vx):nxv=0onTp, n-v=0onTy}

This type of div/curl system appears in many applications, including electromagnetics,
porous media flow, and solid and fluid mechanics. Thus, solving Lu = F in nonsmooth
domains is of wide interest. The traditional least squares method solves system (2.3)
by minimizing the residual functional

G(viF) = |Lv = F[* = ||V x v — f|* + ||V - v — g|*
over U, in the weak sense : find u € U satisfying
(Lu,Lv) =(F,Lv), forallvel.

The FOSLS method includes the design of functionals whose bilinear part is equivalent
to an appropriate norm, often the H'-norm when possible. As briefly mentioned in
the introduction, if the domain is not convex and the boundary is not C*! or different
types of boundary conditions meet at an edge with inner angle larger than 7/2, then
the space U is not continuously imbedded into H'(€)3, therefore, the solution may
not be in H(2)3. This would seem to preclude the use H!-conforming finite element
spaces even though the solution is smooth away from the edge. To overcome this
difficulty, we introduce the following weighted-norm functional:

Gu(wF) = |lw(Lu—F)[* = [wV x (a = )| + [[w(V-u-g)%,  (24)
where the weight function has the form w = 7 for some 3 > 0, and define
ILul[§ 5 = 77V x ul|® + [[r"V - ul®,

Of course, one can restrict the weight function to some small region by use of scaling
or a smooth cut-off function. In this presentation, we assumed diam() < 1 and use
the weight function as above for convenience of presentation.

In the following, we investigate minimizing (2.4) for appropriate values of .
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3. Coercivity of L in weighted Sobolev spaces. In this section, we show
the operator L defined in (2.3) is coercive in certain weighted Sobolev spaces, leading
to the norm equivalence between || Luljp g and ||Vul|o g.

LEMMA 3.1. Let the operator L be defined as in (2.3) and (f,g) € H(Q)*.

i) If £=0, then L: Hy(Q)* NU — HY(Q)* is injective for

(I=X14+2N), when 0Q = T'p,
8 e (1-\1), when 09 =Ty, (3.1)
(1—=X/2,1+)X/2), whenTp #0 and T # 0.

i) If g=0, then L : Hé(Q)g nU — HE(Q)4 is injective for

(I=X14XN), when 02 = T'p,
(I=X\1), when 02 = T'y and the sides of the domain
0 € are parallel to the coordinate azes,

(1—=X/2,1+X/2), whenTp #0 and ' # 0 and the sides of the
domain are parallel to the coordinate axes.
(3.2)
iii) If £#0 and g #0, then L: Hy(Q)> NU — HZ(Q)* is injective for

(I=X1+2X), whendQ=Tp,
GRS (1-X1), when 0 = TU'y and the sides of the domain
are parallel to the coordinate axes.

(3.3)
Proof. The result is proved by establishing a decomposition of u € H, é(Q)?’ nU
and then demonstrating that components of the decomposition each satisfy a Pois-
son equation, for which known results apply (cf. [25],[26],[28]). The 2-dimensional
orthogonal decomposition of u with boundary conditions in (2.2) naturally provides
Poisson equations with Dirichlet or Neumann boundary conditions ([23]). But, it is
not true that each component of the orthogonal decomposition of u can be easily
induced to Dirichlet or Neumann Poisson equations in 3-dimensional space. So, we

consider things in several cases as presented in lemma 3.1.
i) If £ = 0, then there exists a unique p € H*(Q) satisfying u = Vp and

{ Ap = V-u inQ,
p

=c onl'p, n-Vp = 0 only, 3.4

where ¢ is any constant. The above Poisson problem (8.4) is an isomorphism from
HE(Q) to HY(Q) for B € (1= N1+ X) if 9Q =Tp (/26]), for B € (1 =X1) if
0 =Ty ([26]), and for B € (1 —X/2,14+X/2) if Tp # 0 and Ty # O ([25],/28]).

Also, there exists a constant C satisfying

26 < CIV-ufogs (3.5)

I

under the above assumptions on [ and boundary conditions. The inequality (3.5)
implies ||ull1,8 < ¢||Lulo,, therefore, L is injective.

ii) If g = 0, then there exists a vector potential ¢ = (¢1, P2, P3) € H(VX) such
that u = V X ¢ and V - ¢ = 0. Suppose 02 = I'p, then Vxu =V xV x ¢ =
—Ap+VV .- =—A¢ and the boundary conditionsn x ¢ =0, n X V x ¢ = 0 yield,
fori=1,2,

_A¢i (V X u)i mn Q _A¢3 - (v x u)3 in {2 .
{ b = 0 on O and o3 =0 on the side walls
n-Ve¢s; =0 on Top and Bottom,
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where (V x u); is the i-th component of V X u. Since the inner angle between top
and side walls is w/2, there are no singularities around those edges. Therefore, L is
injective for 8 € (1 — A\, 14+ X). Analogously, L is injective for € (1 — X\, 1) when
00 = T'y and the sides of the domain are parallel to the coordinate axes, in which
n is of the form (n1,0,0),(0,n2,0), and (0,0,n3). For the case when I'p # 0 and
Ty # 0, we use the following decomposition in [1]: a function u satisfies V-u = 0
and n-u =0 on I'y if and only if there exists a function ¢ € H(Vx) such that
{ u=Vx¢, V:-06=0 in

nx¢p=0only, and n-¢=0onTp. (3.6)

If the sides of the domain are parallel to the coordinate axes, then we can derive a
Poisson equation with mized boundary conditions from (3.6). Hence, L is injective
for B e (1—X/2,1+)\/2).

iii) Let u € Hé(Q)?’ NU, then u has the orthogonal decomposition ([16])

u=V x ¢+ Vp,
where ¢ € H(Vx) with V-¢ =0 andn x ¢ =0, and p € H}(Q) is the solution of
(Vp,V¢) = (u,V€), V¢ € Hy(Q).

Similarly to i) and ii), one can establish the results. O

REMARK 3.2. Note that the above restrictions on (8 are sufficient, but may not
be necessary. In the remainder of the paper, we establish results that depend on L
being injective. While the above theorem establishes sufficient conditions, the operator
L may be injective for much wider range of values for the weight 3. Extension of the
range is beyond the scope of this paper, but we remark that numerical results seem to
indicate that it may be possible.

If the div/curl system is derived from the Poisson equation, then the problem
easily matches to the first case in lemma 3.1.

LEMMA 3.3. Letu € Hé(Q)i)’ NU, then there exists a constant c satisfying

lull1.s < ¢ ([ILallo,s + [lullo,s-1), (3.7)

for any B > 0.

Proof. Since the norms ||ul|1 5 and ||rPul|; are equivalent (see [25]) and ||rPul| <
l|lullo,5—1, it is enough to show that ||V (r#u)]| is less than the right-hand side of (3.7).
Since r%u € H'(Q)?, the result in [12] and the triangle inequality yield ||V (rfu)|| <
¢ L) < ¢ (| Lullo + [ullo,s-1). O

Based on lemmas 3.1 and 3.3, we achieve the goal of this section in the following
theorem by using a modified compactness argument.

THEOREM 3.4. Let L : H3()? NU — HY(Q)* be injective and u € H(Q)* NU.
Then, there exists a constant ¢ = ¢(Q, 3) such that

lall1,5 < ¢ [[Lullo,s- (3.8)

Proof. First, we let
Qr={x=(r0,2)€Q : r>R}

and define a norm [[ul| 5, = ulf 50, +[[ullf 5_, q,, for any R > 0. Define Qor
and a norm ||u||1 8,0, in the same way by replacing R with 2R. Let d(r) be a smooth
cut-off function,
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0 if r<R
i(r) = ’ . Ton
1, if r>2R,

where [§| < 1, |§'] < ¢cR™! and ¢’ has support only for r € (R,2R). By the fact that,
for any u € H}(Q)?, we have 6rfu € H'(Q2)® and the triangle inequality, we have the
first (cf. [12]) and the second inequalities, respectively, of the following:

IV (Erfa)|| < e L a)|| < e(||6r” Lul| + [V (677) - ul|)
< c([[Lullo,g,05 + cllullo,s-1,0z); (3.9)
where c is independent on R. We also have

IVullo,p.00, < 1607 Vul| < [[6r7Va + V(8r7) - ul| + ||V (6r7) - u)|
< V(@ )l + cllullo,s-1.00, (3.10)

where ¢ is independent on R. Putting (3.9) and (3.10) together we have

IVullo,s.0., < el Lullo,p.0r + l[ullos-1.04)- (3.11)

Here, we use a modified compactness argument: Assume that (3.8) is not true, that
is, there is a sequence {u;}j=1,00 C H5(2)® NU such that

llujlli,s =1 and [[Lujljos — 0, asmn — occ. (3.12)

Since H}j(Q2) is compactly embedded in Hg(Q) ([25]), there is a subsequence {u;, }¢=1, 00,
which we shall denote by {u;}¢=1,00, that is Cauchy in Hg(ﬂ)?’ and, thus, has limit

uae Hg,(Q)s. That is, ||lus—u
|- [lo.s—1.05 are equivalent. This implies that {us}¢=1 oo is Cauchy in Hj_,(Qr) and

lo,3 — 0. Now, for any R > 0, the norms || - ||o 8,0, and

[ue —1llo,5-1,0, — 0.

Using (3.11) we have

0,6-1,98) » (3.13)

which implies that {us},—1 o is Cauchy in Hé(QQR)?) and, thus, a € Hé(QQR)g and

[w —uml1,8,0,, < c([L(ue —um)lopan +[[ue—un

lag — 15,0, — 0 (3.14)
The triangle inequality yields

||ILa

0,8,9r < cl|L(0 —ur)llo,,0.5 + cllLucllo,5,0.5

< cll(@—=ug)ll,p.0.n + cllLucllo,s.00n
for every ¢, which implies Lt = 0 on Qsr. Since this is true for every R > 0, we have
La=0 on Q. (3.15)

To summarize what we now know, @ € Hg(Q)B, uae Hé(QR)3 for every R > 0 and
La=0onQ. Ifaec Hy (Q)? using lemma 3.3 and the fact that L = 0, we have
i € Hy(Q)?, which would contradict the assumption that L is injective on Hj(Q)*NU.
So, we assume that @ & Hg_l(Q)3, that is,

lim J[aflo,5-1,0, = oo
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However,

[allo,5-1,05 < [0 —ucllo,s-1,05 + lucllop-1,0- < [0 —wrlos-1,05 + [[ullops-1.0
<[t —wllops-1.0n + [wlis0 < [0 —wlos-1.0 +1,

for every ¢ independent of R. Thus, ||Gljog-1,0, < 1, for all R > 0. This is a
contradiction and the result is proved. O

The above theorem implies that the corresponding weak formulation of the least
squares method is coercive, whenever L is injective, in the proper weighted Sobolev
space. The continuity is obtained easily by the triangle inequality. Since the solution
isin H é(Q), that is, the weighted L2-norm of gradient of the solution is finite, it is
reasonable to minimize the residual functional in the weighted norm to approximately
solve the problem when using H!-conforming finite elements.

4. Poincaré inequalities. In this section, we develop several types of Poincaré
inequalities, which are useful in various settings. Recall that F is the singular edge
and diam(€2) < 1. From now on, we consider the domain in the cylindrical coordinate
system for convenience. The domain, €2, can be rewritten as

Q={x=(r0,2):0<r<R(H), 0<0<w<2m a<z<b},

where R(6) is the distance from the singular edge, E, to boundary points depending
on the angle . Then, 9Q = {(r,6,2) : r = R(A),0 < 0 <w}U{(r,0,2): 6 =0,0 <
r<RO)}U{(r6,z):0=w0<r<Rw}U{(rd,z):z=ao0r z=>}. The first
lemma is known from [20].

LEMMA 4.1. Ifq € Hé(Q) vanishes on 0S), then, for any 3,

lallos—1 < ¢ |IVdllo,s-

Now, we show several generalized Poincaré-type inequalities.
LEMMA 4.2. Forp € Hé(Q), there exists a constant ¢ such that

Ipllo,s-1 < ¢ (llpllo.s + 1VPllo,8),

when B > 0.

Proof. Let Ry = (ming<g<,, R(0))/4 and let x be a smooth function defined in
such that x(r) = 1 when r < Ry and x(r) = 0 when r > 2Ry and |x/| < cRy* for
some constant c¢. Since 1 = x +1—x,

R(G)mfz 2 _ R(a)z,fj—z 2 R(e)zﬁ—z 2 2
P EplTrdr = | v Ixp+(1=x)p|"rdr <2 r Ixp| = (1=x)p|” ) rdr.
0 0 0

By the modified Hardy’s inequality in [19], for 8 > 0,
R(0) R(0) o 2 2Ro 1 b 2
/0 282 xp|Prdr < C/O r2h ‘%er) rdr < C/O r2h <R%|p|2 + a—f rdr.

Since (1 — x)p has nonzero values only on (Rg, R(9)),

R(®) 23-2 2 () 23-2 2
| pkrar = [0 = gprar
0 0

R(0) R(0)
< Rofz/ 7‘2ﬁ|(1 — x)p|?rdr < R072/ rw\p|27’dr.
Ry 0
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Hence, by Fubini’s theorem,

/7‘2572|p\2dﬂ ScRO_Q/ r2ﬁ|p|2dQ+c/r2B|Vp|2dQ.
Q Q Q

0
The above lemma is useful in establishing weighted-norm Poincaré inequalities
since they are guaranteed if we can show

IPllos < cllVpllo,s- (4.1)

Combining lemma 4.2 with the following lemma provides a Poincaré inequality when
there are no given boundary conditions.

LEMMA 4.3. Lete >0, 3> —1, and +1—-¢>0. Ifpe Hy,,_(Q), then there
exist constants b and ¢ = ¢(Q, B, €) such that

lp = bllos <

Proof. Here, we show an outline of the proof. The details can be found in [21].
Ifpe Hyy (Q) when 3+ 1—¢>0, then p € H'(S), where S C Q and SN E = 0.
Then, we can consider the following expression for p: for (r, 0, z), (ro, 0o, 20) € €,

p(r,@,z) _p(TOaHOaZO)
ZP(T 0,z) — p(r,00,2) + p(r, 00, 2) — p(r0, 00, 2) + (0,00, 2) — P(r0, 00, 20)
5‘p ~

- B r ap R R z 8}’) ~ R
= 5 69( ,0,2) df + /TO af(r,ﬂo,z) dr + /ZO ag(ro’00’2> dz.

1
Multiply by rg "2 and perform the integration fQ rodrodfodzy on both sides :

ap( 6,2) do

clp(r,9,2)=/7"g 2 (7“0,90,ZO)TOdTodaod«Zo+/ A+
Q t, 00

+/TO %("a 9072) dr + /Zo aig(r079072) d%} ’I"Qd’l"()d@()d207 (42)

1
where ¢; = [ rng? rodrodfodzy. Let

1 1
b=— rg+2p(T0a90,Zo) rodrodfodzy,
Cl Q

then [b] < ¢|p|| < o0 Subtractlng b from both SldeS in (4.2), applying Fubini’s
theorem, inserting 7~ L =1 to group 7 with the 2 7 term, using the

Cauchy-Schwarz inequality, and squaring both sides yields

|p(r,e,z)—b2gc{/ L(r,,2) d9+/ / F2P+3 reo, 2) dfd&o

0
w 2e

+/ {R / Fle2e gN(r 6o, 2) dr+ 25” ro,eo, didro}deo}.
0 € r
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To establish the weighted L?-norm of [p — b|, multiply by 72# and take an integration
over ). Then, we have

r2h 0 — B+ 18172 8192 8172 8p2
2 2 < T2 2 - et 28+2—2€
/r ‘p(n ,Z) b| S = C/ ( 99 + ’ 2 + 75 +7r 7 ds)

Sc/ T2B+2—25|vp |2dQ,
Q

where ¢ = ¢(Q, 3,6, (B+ 1)1 e ) o0ase—0and 8 — —1. 0
The next result follows from setting ¢ = 1 in lemma 4.3.
THEOREM 4.4. Let 3 > 0 andp € Hé(Q), then there exist constants b, ¢ satisfying

lp = bllo,g-1 < ¢Vl

0,8-

Proof. From lemmas 4.2 and 4.3 (set ¢ = 1), we deduce the result. O
COROLLARY 4.5. If p € H(Q) N H'(Q)/R is the solution of Poisson equation
with Neumann boundary condition, then for 3 > 0, by theorem 4.4, p satisfies

1llo.5-1 < €llVpllo,s- (4.3)

We now consider functions with zero boundary conditions given on a non empty
portion of the boundary. The following theorem shows that the weighted-norm
Poincaré inequality holds wherever the zero boundary conditions are located.

THEOREM 4.6. Let >0 and p € H5(Q). If p=0 on Ty # 0, then

0,3- (4.4)

Ipllo,s-1 < ¢ [[Vp|

Proof. In order to prove (4.4), by lemma 4.2, it is enough to show (4.1). Here, we
show (4.1) for p satisfying p = 0 on I'g C {x € 9 : z = a}; however, the other cases
can be proved in the same manner. Consider the following expression for p:

T ~ 0 n z ~
p(r,e,z):/ 3p(gf972)d5+/9 ap(ro,~972)d9~+/ ap(roéﬁo,Z)dg’

0 0 a

where (rg,60p,a) € To. If 7 > rg, then squaring both sides, applying the Cauchy

inequality, and multiplying by 7,(2]5 + yield

-2
v op(7,0,z) 0 1 dp(ro, 0 ~
T(2)5+1|p(7“,9,2:)|2 < c/ 7o+l 7p(7‘,~,z) dF—|—c/ rgﬂﬂ 77]7(1"01 %) do
o or 0o To o0
2 ap(ro, 0o, %) |?
+c/ rgﬁ'H 7}7(7“08,20,2) dz
- 2 5|2
<C/~R(9) ,':254‘1 8])(7‘,?,2) df_i'_c/wrgﬁ‘i‘l i@p(ro,ﬂ,z) dé
~— Jo or 0 To
® g1 | Op(ro, 0o, 2) 2
+c/ ret # dz.
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First, integrate with respect to g,y and then, multiply by #2°*! on both sides and
integrate over €2 with respect to r, €, and z, respectively. Then, by Fubini’s theorem,

onl2 2 opl2
/r25|p\2d§2§c /FQB o dQ—l—/rgB dQ+/T§B P i
Q Q or Q Q 0z

which yields (4.1).
If r < rg, similarly, we square both sides, use the Cauchy inequality, and multiply
by r2f+1r26+1 Then, we have

1 0p

o 96

2

op(7,0, z) &

To
() < e [ e | 2
r T

~ 2
[ ~\ 2
_’_67,2[9-5—1/ 2841 1 9p(ro, 0, 2) 4+ er2B+1 /ZT§B+1 aP(TOfan) &
0o To a 82’
R(6) PE w Lanl? - b P
< Crgﬁﬂ/ w2641 | 0P df+cr26+1/ peort | LOPIT 4 +cr25“/r§5“ 23‘ a5
0 r 0 ro 06 o 0z

Taking integrations with respect to 79, 6o, r, 8, and z implies (4.1). O

So far, Poincaré inequalities in weighted Sobolev spaces for scalar function have
been established. We now extend these to vector functions.

THEOREM 4.7. Let 3> 0 and u € Hy(Q)? withnxu=0 onTp andn-u=0
on 'y, then there exists a constant ¢ such that

[allo,p-1 < ¢ [[Vullog (4.5)

except for the case with T'p = {x € 0 : z =a and b} and 'y = OQ\I'p.

Proof. Here, we prove (4.5) only for the case 90 = I'y. However, all the other
cases can be proved easily by using same methodology.

First, we rotate the domain so that the side § = 0 lies on the z-axis. Since n-u =0
on 00, n-u = (ny,n9,n3) - (u1,us,uz) = nzug = 0 on the top and bottom of the
domain, that is, where z = a and b. Then, by theorem 4.6, ||usllo,s-1 < ¢||Vus|lo,g-
From n = (0,n2,0) on § = 0, we have n-u = nyus = 0 which yields ug = 0, therefore,
theorem 4.6 yields ||uzllo,—1 < ¢||Vuz|o,3. On the boundary that has nonzero ni-
component, we have nju; + nous = 0. Then, the triangle inequality leads

all§ g1 = lluallg g1 + lu2lls s—1 + [lusll5 51
2
< Cﬂ%””lul +nausl[5 g1 + C%Hqugﬁq + [Juall st + [luallg 51
< cni%HV(mm +nau2)[1§ 5 + clluzllg 51 + llusllg 51
< C(HVU1||(2),,3 + HVU2||(2),,3 + HVU3||(2),,3) = C||Vu||(2),ﬁ- (4.6)

ITlp={x€dN:z2=a, b}and Ty =IWN{x€00Q:2=aq, b},thennxu=0
onI'p and n-u =0 on I'y do not provide any information about boundary condition
for us. Therefore, we exclude this case. O

5. Error bounds. Let 7; be a quasi-uniform partition of the domain Q=
UreT, 7, and each finite element 7 € 7}, be a closed subset of  with h := max{h. :
hr = diam(7)}. Assume that the partition 7}, is regular so that we may choose a finite
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element basis that is conforming and satisfies the standard approximation properties
(see [11]). We also assume that there exists a constant, p, satisfying h < pmin, h,.
Let P" denote the space of C° piecewise polynomials on each finite element and W"
be a subspace of P” such that

Wh={vheP':nxv"=00onTp, n-v"=0onTy}.
The discrete weighted-norm least-squares approximation minimizes the functional

Go(u”; f) = min G, (v"; f). (5.1)
Vhewh
For ease of discussion, we will consider cubes. However, arbitrary triangulations
can be handled in a similar manner. Let 7" be a standard polynomial interpolation
operator such that Z"p = p, for any p € Q(7), where Q(7) is a set of k-th order
polynomials with respect to each variable on 7. Define Z}* by,
Thul, = S2F+D° if 7 does not meet the singular edge,
Th|, = ulr = .27 u(a;)¢; , if 7 does not meet the singular edge, E,
Z(MZN u(a;) i , if 7 meets the singular edge, F,
where ¢; are the basis functions, a; are the nodal points corresponding to ¢;, and
N = {a; : aj = (0,0,2;)} is the set of k + 1 nodes seating along the singular edge,
E. Here, it is easy to see that Z{u € W" for u € Hj(€2)? with n x u =0 on I'p and
n-u =0 on ['y since we can consider Z'u as Z"(¢u), where the smooth function ¢

satisfies ¢ = 0 when r < € and £ = 1 when r > 2¢ for sufficiently small positive e.
LEMMA 5.1. Let u € Hi' (), then

lu = T3ullis < ¢ h™ ullm,p, (5.2)

for 3/2 < m and any 0 < (3, where I is the modified interpolation operator into
piecewise polynomials of degree m — 1 < k.
Proof. We rewrite

lu=Tgullf s = D lu—Toulis.
T€TH
1
where ||lull1s- = ([, r??72|ul? + r?#|Vu|?dr)?. Consider |u — Z§ull} 5, on each

element 7. If 7 does not touch the singular edge, then, by the definition of Z7,
Thul, = TMul,. Let 7pin = inf{r : (z,y,2) € 7} and rpae = sup{r : (z,y,2) € 7}
in 7. Then, ch < rpin < 17 = (22 + y2)% < Taz < Tmin + V/3h and the standard
interpolation property yield

lu = Zgullt g - = lu =T ulli 5, = /T’QBIV(U — M)+ 2P | — TP dr

:
<28 / V(u— Thu)Pdr 47282, / fu — Thufdr
T T

IN

CT?fthQ(mil) ‘u|3n,7'+cr3nﬁazr;£nh2m|u‘3n,7': C’rgnﬁaa:h%mil)(l + r;jnhQ)|u|72n,-r

A

er?s hz(m_l)\uﬁnﬁSchQ(m_l)rw r_zﬂ/rw\DmuFdT
T

— max mazxr’ min

IN

Tmin

Vvan\”’
oh2m=1) <W> /r2ﬁ|Dmu|2dr < ch* I Dmu|f 4 . (5:3)
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Next, consider the case in which 7N E#(). Let € C* be a cut-off function defined by
L it r<g

5<T)_{ 0, if 7>

with [60™)| < ch=™, where §(™) the m-th derivative of §. By the triangle inequality,

lu = Z3ulli 5 - < cllou = T3 (0T 5 + 11 = Ou =Ty (1= u)i5,)-  (5.5)

(5.4)

PT‘:‘?“:.‘

On these 7, Z/'(6u) = 0. Thus, for the first term in (5.5), the properties in § and
Fubini’s theorem imply

60~ Z3G0) I 5, = 180l 5 = [ 22960 + 12D sufar

< c/rzﬁ(Wé ul? + [6Vul?) + 257D |gu?dr

h h
2k 3k
< c/// r25h_2|u|2d7 + c///d rzﬁ\Vu|2 + r2(3_1)\u|2d7
h

3k

gc/// r2(0- 1)|u|2d7+c/// P28 Vu)? + r26-D[y|2dr

3k
< c/r2<m*1>(r2<ﬁ*m+1>|wﬁ + 20 ?)dr < ch® D |2, 5
For the second term in (5.5), use Z((1—6)u) =Z"((1— §)u) and theorem 4.6 to obtain
11 = 8)u = Zg((1 = )u)llf 5. < el(X = )u—T"((1 = &)u)l7 5.

Since (1—6)u € H™(1), we use the standard interpolation property, Fubini’s theorem,
and the properties of § to obtain

(0= 8= (L= 8 5, < o [ V(1= S)u—2"((1 - Su)Pr

< ch?Pp2m=1) / |D™((1 = &)u)?dr < ch?B+m=1 / > D™ (1 = §)DIuf*dr
T Tj:O

75 M= T(9)
< ch?BEm=1) /// Z |h =™ Diu|?dr + /// §)D™ul*dr
m—1 7 7(0)
< ch2Brm=1) Z /// h=28p2(B+3=m)| DIy 2 dr +/// h=28¢28| D™y dr
h h
§=0 3% 3k

_ Ch2(m_1)2/7"2(6+j_m)‘Dju|2dT _ ChQ(m_l)”uH%m,B-r'

Hence, we have

lu—Thull} 5= > lu—Tull 5, < B> D" Jul?, 5, < ch> ™ Va2, 5
T€TH T€TH
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LEMMA 5.2. Let u" € W", then there exists a constant c such that
0" {0,y < ch™[u" o540, (5.6)

for any real v > 0 and any n > 0.

Proof. In [23], inequality 5.6 is shown in 2-dimension. The analogous 3-dimensional
result can be proved in the same manner. 0

Lemma 5.1 shows that there exists an approximation of the solution in the finite
dimensional subspace W" that yields an optimal weighted H'-convergence. By using
this, we can show the following error estimates.

THEOREM 5.3. Let u € U be the solution of (2.3) and u € W" be the solution
of (5.1). Assume u € HgJ“G(Q)?’ and L satisfies theorem 3.4. Then,

e RPNl arpp,  forl=0,1, (5.7)

h
lu—uflis <
e (5.8)

[lu—u

where 3/2 < a+ B < k+1 and k is the degree of the piecewise polynomials in W".
Proof. First, we prove (5.7) for [ = 1. Since u” is the minimizer of (5.1), by
theorem 3.4, the triangle inequality, and lemma 5.1, we have

lu—u"|1,5 < cl|L(u—u")|op < c|L(u—THa)|os < cllu—THa|1g
< ch® P ullasp,6- (5.9)

In order to prove the result for [ = 0, we consider the weighted L?-norm on each
element. We have

la—u"IFs= D" lu—u"[F -
TET)

By Cauchy inequality, we have

2 1
3 3
||ufuh||(2wj:/r25|ufuh|2d7'§ </lgd7') </ (r2ﬁ|uuh|2)3d7)
3.2 8 h\© s 2||,.8 hy||2
<ch’3 (rPla—u") dr) =ch*rP(u—u Nze@y- (5.10)

Since H'(f2) is continuously imbedded into L°(Q) ([11]) and rPu € H'(Q)3,

lu—u"[5s <ch® > r’(a—u")fey < ch?(lrf(u—u")|7eq,
€Ty

<ch?rf(u—u")[§ < ch?u—u|,
Applying (5.9) to the above implies
lu—u"flo,s < chllu—u"|[1,5 < chh™ ularss = ch®7|ullass,s-

To establish (5.8), we let K = {7 € 7, : TN E # (0} and separate the norm
|lu — u"|| into two parts

lu—u? =3 fu—u5, + > fu—u"[..

TEK TeT\K
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First, we consider the case § < 1. We have r < ch when 7 € K|, therefore,

P =) u-uE L D lu—u,

TEK TeT\K
<Y RPN u—dt(f s+ Y lu—utF. (5.11)
TEK TETh\K

When 7 € 7,\ K, similarly to (5.10), we have

h h
[u =3 - < e h?llu—u"|Fe,

Then, the continuous imbedding from H' into L® and h < ¢r when 7 € 7;,\ K yield

Z lu—u"[3, <ch? Z lu =6y < e h?lu—u"|Te 7\ k)
TET\K T€TH\K

< ch?|lu— uh||§p(7h\K) <c hzh*m/ r? (ju—u"? + |V(u - u")?) dO
T \K

- h
< D lu—u"|F
Combining the above with (5.11) and using (5.9) give
lu =] < ch!Pllu—u |15 < ch®|lullass.s.
For 8 > 1, by the triangle inequality, lemma 5.2, and (5.9), we have
lu—u"|? < cllu ~Zgu||? + ¢|Zgu — u*|*<cllu ~Zgul|* + ch* = |[Zgu —u"|[f 5,

<e Y fu-Zgulfs, +ch* 0 (|lu— 13
T€T),

<c Y lu-Tgulfg, +ch® D u—Zgu|i 45 (5.12)
T€T)

u-— uh||g,5—1)

If 7 € T\ K, then we simply use h < ¢r to obtain

[u— IouHoT < ch?(- B)Hu Iou”oza 1,7+ (5.13)

If 7 € K, we recall the definition of the operator Z! and let § be a smooth cut-off
function defined in (5.4). By triangle inequality,

lu = Zgull§ - < el (1 —d)u—Zg((1 = u)lff , + cl|du — Z§ (Gu)|f5 .

Since (1 —&)u € H*A(7)? and Z((1 — 6)u) = Z"((1 — §)u) from the definition, the
analogous calculation in the proof of lemma 5.1 provides

(1= &)yu = Zg (1 = S)w)§ - = [|(1 = d)u —T"((1 ~ d)u HoT

< ch2(a+ﬁ) / |Da+ﬁ((1 _ } dr = ch2(a+,@ /// DaJr,@ 1 i )11)|2d’1'
r(0) 9
< ch* @t =20 /// r?7 DA ((1 = d)uw)|” dr
3%
a+0

<ch2az/ 20=(+0)+0) | phu|* dr = ch? a2 5.4 (5.14)
=0
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By the definition of Z} and |[ullo s—(at+s) < [ullats,, we have

[6u — T (6w)[2., = [dul2, < / P20=20 |y 2 dr < ch?o / 20 2dr

T T

= ch*® / 2Bt u2dr = b ||ullg 5 (04 p).. < h*ull2 5., (5.15)

T

Substituting (5.13), (5.14), and (5.15) into (5.12), and applying lemma 5.1 yield

= u? < ch® Sl 5, + b - Zhull} 5 < ok ulass,se
TeK

0

Minimizing the least-squares functional in the weighted norm using H '-conforming
elements and appropriate values of the weight allows the approximate solution to
converge. The above theorem also implies optimal L2-error convergence with H'-
conforming finite elements. In the next section, we consider error bounds using graded
mesh refinements.

6. Graded Mesh Refinement. The paper [4] is one of the earliest papers to
examine graded mesh refinement in the context of weighted Sobolev spaces. Following
that, many have used similar mesh refinements when weighted Sobolev spaces were
considered to overcome the difficulties associated with singularities (see [2], [3]). In
this section we show some error estimate results using graded mesh refinements in our
methodology.

Assume 3 < 1. For the global mesh parameter, h (0 < h < 1), let 7,™ be a
triangulation of the domain 2 = U,¢7m 7, where the diameter, h, = diam(7), of each
tetrahedron, 7, is defined by

K if TNE#0
hr ~ ’ 6.1
{hrf if TNE=0, (6-1)

where r, = min{r = /22 + 42 : (z,y, 2) € 7}. Define V" to be a space of C° piecewise
polynomials on each finite element satisfying n x vF =0onI'p and n-v* =0 on I'y
and let u” satisfy

Go(u”; f) = min G,(";f). (6.2)

vheph

THEOREM 6.1. Letu € Hg+B(Q)3 NU and u" € V" be the solutions of (2.3) and
(6.2), respectively. Suppose that 3 < 1 and the hypotheses of lemma 3.1 are satisfied.
Then,

h
[ — || < e h*ullass,, (6.3)

where 3/2 < a+ B < k+1 and k is the degree of the piecewise polynomials in V".
Proof. Let K = {r € T, : 7 N E # (}. By the Cauchy inequality and (6.1), we
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have
lo—u"? =" lu-u"§.+ D llu-u"5,
TEK TET,M\K
:
< Z ch?20=) |lu — uh||(2)’ﬁ,1ﬂ, + Z </ 1d7) </ [u— uh|6d7'>
TEK TeT\K T T
h h
e s Rt [ Sl MR
TEK TET,M\K
h h
<Y elu—uGa+ D e’ (a—u")|[fe,. (6.4)
TEK TeT,M\K

The continuous imbedding of H'(Q) into L°(Q) and r?u € H*(Q)3 lead to

Y Pl a—u")ery < ¥l (u—ut)[Fog) < eh|lrf(u—u")|}
TET,"\K
< ch2\|u—uh||iﬁ. (6.5)

We define Z{ in the same manner as in section 5 on each element 7 € 7,;™. Then, a
calculation analogous to the proof of lemma 5.1 yields

_ at+B8—1
lu = Zgullp < b ulay g armp +ch 7 ullats,s
_ a+pB—1
= b7 (lulasparms +ch T Clullarss).  (66)

In (6.6), since (@98 < rf and BT < 1, we have

lu = Zgulls < ch® 7 uflarp,s. (6.7)
Since u” is the minimizer of (6.2), theorem 3.4 and triangle inequality yield
[lu—u"[l15 < cl|lL(u—u")llos < | L(u—Tgu)llos < cfu—Tgulig.  (6.8)

Therefore,(6.4), (6.5), (6.8), and (6.7) imply the error bound (6.3). O

The above theorem shows that we obtain better L2-error convergence if we use
graded mesh refinement. However, the results in section 5 demonstrate optimal error
convergence without doing the extra work of mesh refinement. In the following section,
we present numerical tests on uniform grids.

7. Computational results. In this section, we present some numerical exam-
ples. By minimizing the weighted-norm least-squares functional, we verify the optimal
error convergence given in section 5. As mentioned in the introduction, if the internal
angle of the edge, w, is bigger than 7 or different types of boundary conditions meet
at an edge with the internal angle bigger than 7/2, then the boundary singularities
occur. Thus, the solution of the Poisson equation is in H'T$ where s < 7/w if
the problem has Dirichlet or Neumann boundary conditions at a reentrant edge, or
s < 7/(2w) if Dirichlet and Neumann boundary conditions meet at an edge with inner
angle w ([17]). Here, we construct our test problems based on the leading term of the
singular part of the solution of Poisson’s equation.

The software package FOSPACK (cf. [30]) was used to build the discrete system
and to solve it by a conjugate gradient iterative method preconditioned by algebraic
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multigrid (AMG) using W(1,1)-cycles. The stopping criterion for the iteration was a
residual reduction 1078, This unnecessarily large reduction was used to remove the
algebraic error from the calculation of the convergence of the discrete solution. No
graded mesh refinement is applied.

The domain of examples 7.1 and 7.2 is an L-shaped polyhedral cylinder :

Q= (-0.5,0.5) x (—0.5,0.5) x (0,1)\[0,0.5) x (—=0.5,0] x (0,1).
EXAMPLE 7.1. We choose u = Vp, where p has the form
p= 5(7")7"% sin(260/3) sin(7z)

in the cylindrical coordinate system with §(r) a smooth cut-off function satisfying
5(r) =1 when r < 0.25 and 6(r) = 0 when r > 0.375 and choose f by Ap. Then, p
satisfies

Ap=f, nQ (7.1)
with p =0 on Q2 and u € H3(Q)3 satisfies

Vxu=0, V.-u=f inQ (7.2)
nxu=0, ondf.

[Ju—u"] [[u— u*flo.s [u— s
1/8 2.398e-01 rates 3.734e-02 rates 7.775e-01 rates
1/16 || 1.074e-01 1.16 1.252e-02 1.58 2.223e-01 1.81
1/32 || 5.532e-02 0.96 3.116e-03 2.01 6.177e-02 1.85
1/64 || 3.350e-02 0.72 7.891e-04 1.98 1.875e-02 1.72
1/128 || 2.098¢-02 0.68 1.978e-04 2.00 6.855e-03 1.45

TABLE 7.1
Ezample 1 with 3 =4/3

It is easy to see that u in the above example is not in H'(€)3. Since a = 2/3 in
this case, our theory holds for any 3 between 5/6 and 5/3. Here, we choose 8 = 4/3 so
that 3/2 < a + 3 = 2 and observe the errors in L?-, weighted L?-, and weighted H'-
norms in table 7.1. The error estimates in theorem 5.3 predict the asymptotic L2-error
convergence rate to be approximately O(hg) and the weighted L?- and weighted H'-
rates at O(h?) and O(h), respectively. We report the numbers in table 7.1 to support
our theory. The convergence rate of the weighted H'-seminorm in table 7.1 shows
better convergence than expected at the resolution we are able to compute. However,
based on two dimensional test results, it is likely that on increasingly fine meshes the
asymptotic rate will approach to what theory predicted.

In figure 7.1, we present the results with more 3 values when mesh size decreases
from 1/64 to 1/128. It shows that the errors in L?- and weighted H!-norms behave
as expected and better than expected for weighted L?-norm error. The darker shaded
region is the area where theorem 5.3 holds.

EXAMPLE 7.2. In this example, we choose u = Vp and f = Ap, where

p= 6(7‘)7“% cos(20/3) cos(z)
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1.
1/3<B<5/3
5/6<B<5/3

Convergence rates

o /3 5/6 1 5/3 2 3

Fia. 7.1. Finite element convergence rate as a function of 3 for example 7.1

with the same smooth cut-off function, 6(r), defined in example 7.1. Then, p satisfies
a Poisson problem with Neumann boundary condition, that is, (7.1) withn-Vp =0
on 00 =Ty, and u € H3(Q)? satisfies (7.2) but with n-u =0 on K.

The example 7.2 is similar to the example 7.1 but with a different type of boundary
condition. The range of 3 satisfying theorem 5.3 is the interval (5/6, 1), but numerical
tests show that 3 = 1 gives the best convergence results. Here, we report the numerical
results with 3 = 1 (see table 7.2). With 3 = 1, we expect the L?-, weighted L2-, and
weighted H'-error convergence rates to be approximately O(h3), O(h?), and O(h3),
respectively. Figure 7.2 shows similar behavior of figure 7.1 when the mesh h moves
from 1/64 to 1/128. It shows that the convergence rates follow the theory for a while
after 8 becomes bigger than 1, but soon the rates break down. As briefly mentioned
in remark 3.2, the restriction on § is sufficient and figure 7.2 shows the possibility
that the bounds hold beyond the restriction. However, again, we do not address that
issue here.

[Ju—u"] [Ju—u"[lo,s [u—uy

1/8 || 2.192e-01 | rates 5.197e-02 | rates 1.099e400 | rates
1/16 || 1.122e-01 0.97 1.842e-02 1.50 3.288e-01 1.74
1/32 || 6.028e-02 0.90 4.986e-03 1.89 1.131e-01 1.54
1/64 || 3.683e-02 0.71 1.461e-03 1.77 5.425e-02 1.06
1/128 || 2.310e-02 0.67 4.733e-04 1.63 3.201e-02 0.76

TABLE 7.2
Ezxample 2 with B =1

5/6<p<1

Convergenceretes

(e} /3 5/6 1 5/3 2 3

F1a. 7.2. Finite element convergence rate as a function of B for example 7.2
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As the last example, we introduce mixed boundary conditions and the domain
Q = (-0.5,0.5) x (0,0.5) x (0,0.5).
EXAMPLE 7.3. Let u= Vp and f = Ap, where p has the form

p= (5(7‘)7’% sin(0/2) sin(27z).
Then, u € Hz (Q)? satisfies (7.2) and boundary conditions

n-u=0 onT'y={(r0,z2) €0N:0=nr},
nxu=0 onTp=090\y.

Ju—u']] Ta—u"los [u— T

1/6 3.702E-01 rates 3.332E-02 rates 6.694E-01 rates
1/12 | 1.168E-01 1.66 1.106E-02 1.59 2.608E-01 1.36
1/24 || 6.542E-02 0.84 3.553E-03 1.64 7.157E-02 1.87
1/48 || 4.447E-02 0.56 8.975E-04 1.99 2.213E-02 1.69
1/96 || 3.125E-02 0.51 2.301E-04 1.96 8.405E-03 1.40
1/192 || 2.204E-02 0.50 6.179E-05 1.90 3.975E-03 1.08

TABLE 7.3
Ezample 3 with 8 = 1.4

Lo
h
Hu—u™]
a+B
Zp
Hu=ui,
o a+[3711
—e Ju—u Il.B
1/2<B<3/2
1<B<3/2

Convergence raes

—0.5
o /2 a1 3/2 2 3

B

Fic. 7.3. Finite element convergence rate as a function of 3 for example 7.3

In example 7.3, different types of boundary conditions meet at an edge with inner
angle 7. Still, boundary singularity occurs along this edge, since the internal angle
is bigger than 7/2. In this case, the condition 1 < § < 3/2 guarantees that theorem
5.3 holds. According to theorem 5.3, asymptotic convergence rates are O(h%) for
L2-error, O(h2+P) for weighted L2-error, and O(h?~2) for weighted H'-error. Table
7.3 shows that the error convergence in L?-, weighted L?-, weighted H!'-norms with
8 = 1.4, where 3/2 < 1/2 + . In figure 7.3, the results with more 3 values when
mesh size decreases from 1/96 to 1/192 are presented.

8. Conclusion. Low regularity of the solution caused by singularities on the
boundary usually precludes the use of H'-conforming finite elements in standard L?
FOSLS functional. To overcome these difficulties, we use weighted norms in the
least-squares functional. This is based on the idea of unweighting the area where
the singularity occurs by multiplying by the weight functions. In this paper, we
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showed that minimization of least-squares functional in the weighted norm allows to
approximately solve the div/curl system in H'-conforming finite element spaces with
optimal error convergence in L?-, weighted L?-, and weighted H'-norms without using
graded mesh refinement.

(6]

(7]
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