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Symbolic Computation |

Symbols or exact arithmetic

Not floating point numbers (numerical analysis)

Randomized Algorithms

Monte Carlo: Always fast, probably correct

Las Vegas: Probably fast, always correct



Solving Linear Systems of Equations |

Solve the linear system
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Black Box Matrix Model

A = F’I’LXTL

Only matrix-vector products allowed
Algorithms oblivious to how matrix-vector product is computed
Implementations may be efficient in time or space

Can compute Krylov sequence {A%};’;O



Examples of Black Box Matrices

Example storage time
Arbitrary matrix n? O(n?)
Sparse matrix, 7 nonzero entries O(n) O(n)
Hilbert matrix A; ; = zﬂ%l O(1) O(n)

Toeplitz matrix O(n) O(nlog(n)loglog(n))



Linearly Generated Sequences

Let V be a vector space over field [

A sequence
{ai}i=1 CV
IS linearly generated if and only if there exist
co,---,cm E€EF, ¢cm#0

such thatforall 5 > O

coaj + 10541 + -+ cmajpym =0

1
Qjdorn = — (Coaj +c1a41 + -+ Cm—laj—l—m—l)

Cm



The polynomial f(A\) = cg + ¢c1 A + - - + e A" generates {a; }°<
1=1

Any polynomial multiple of f also generates {a; }°< ;

There exists a unigue monic generator of minimal degree, the minimum
polynomial of sequence



Example: Fibonacci Numbers

Let {a;}32, = {0,1,1,2,3,5,8,13,21,34, ...}

The minimum polynomial is f = A2 — X\ — 1

4j+2 = ajt1 T

Another generatoris (A + 1)f =23 —2)x — 1

4j4+3 = 2411 ay

And also \F f = N2 _ \kt1 _ )k

Tjtk+2 = Qjtk+1 T Gtk



The characteristic polynomial det(A\I — A) generates the matrix
sequence { A’ = o (Cayley-Hamilton Theorem)

The minimum polynomial 7 of the matrix sequence generates the Krylov
sequence {A'b}C

Al FA(A)b =0

Suppose g = go + g1 A + - - - + g A" € F[A] linearly generates the
Krylov sequence

g(A)b =gob+ g1 Ab+ -+ gnA"b =10

If A is invertible and gg # O,

1 _
r=A"1p= _g—(glb + goAb+ - - + gmA™ 1)
@)



For any vector «, the minimum polynomial f“-® of the Krylov sequence
{A@b} © o generates the bilinear projection of matrix powers {uTAZb}

uT AT FA0(A)b = 0

For « choosen randomly from finite S™ C ", the minimum polynomial
f{f"b of the bilinear projection also generates the Krylov sequence

AD — pAD



Berlekamp-Massey Algorithm

e From coding theory
e Interpolates elements of scalar sequence

e Similar to Newton iteration

Input:  Scalar sequence {a;}>2 , C IF with generator g with deg(g) < m
Output: Minimum polynomial f of sequence

1: f < 1 {Initial guess}

2: for r =0to2m — 1 do {f generates aq,...,a,_1}
3 f=cogd+eciA+- Fcg\?

4. A < colp_gt+C1ap_gp1 + -+ cqar

5. if A %% 0then {f does not generate ag, ..., ar}
6: update f to generate aq, ..., ar
7. endif
8: end for



Example: Fibonacci Numbers — continued

Let {a;}32, = {0,1,1,2,3,5,8,13,21,34, ...}

4j+2 = Aj41 T4,
4j+2 = ajt1 T

r A recursion

0 O aj =0

1 1 aj4o = aj

2 1 ajp2=ajp1+a4
30 aj4o=aj41 T g
4 0 g =aj41tay
5 0 ajp0 =041 +q;
6 0

7 0



Wiedemann’s Algorithm

Input: nonsingular A € F"*"™ and b € F"
Output: = € " such that Ax = b

compute {A%}Q’”’ !
u «<— random vector in S™ where S C [F
compute {u' Ab}2" 1
use Berlekamp-Massey to compute fA’b =co+ci A+ -+ cmA™
X — ——(clb + oAb+ - - e AT 1)

det(Al — A) generates {uTAib}fi —= only need {uTAZb}Qn 1



Back to original problem

Solve the (nonsingular) linear system (n = 4)

1: compute Krylov sequence {A%}Q” 1
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- choose a random vector

I~
|
N R RN

. compute first 2n entries of scalar sequence {uTA’Lb}Q" 1

{8,—4,20, —28,68, —124,260, —508}

. use Berlekamp-Massey to compute f4° = co + c1 A+ - + e\

- solution
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1 1 2 2 2
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Computing Matrix Determinant |

Given A € [Fnxn

For v and v chosen randomly from finite S™ C ",

A A A
AU = fAV = f

If fA = det(\] — A),
det(A) = (~1)"f:+v(0)

Want to precondition A so that fA~ = det(\] — A)
Precondition by pre- or post-multiplication A = BAor A = AB

Need efficient matrix-vector product



Theorem (Turner, 2001). Let IF be a field, A € F"*" be nonsingular, and
S be a finite subset of I. If

1 s i
V= 1 sp—1
1

where sq,...,s,,_1 are chosen uniformly and independently from S, then
AU is nonsingular and

AU = det(M\ I — AU)

with probability at least
B n(n—1)
2|5

Canalsouse AUT, UA,and UT A



Computing Matrix Rank |

Lemma (Kaltofen & Saunders 1991). Let A € [F"*" have leading
principal minors nonzero up to A, where r is the (unknown) rank of A,
and suppose that » < n. Let S C Fandlet D = diag(dq,....,dn), d;
chosen uniformly from S. Then,

r = deg(fAD) —1

with probability at least
1 n(n —1)
2|5

Want to precondition A so that leading principal minors are nonzero up to
rank



In our paper (Chen et al., LAA 2002) we use preconditioner based on
butterfly network:

<X XX
S| R
===




Lemma. Let » = 2!, The I-dimensional butterfly network can
switch any r indices

1<ij<---<ir<nm

Into any desired contiguous block of indices; wrap around outside,
for our purposes, shall preserve contiguity. Furthermore, the
network contains a total of % nlog-(n) switches.

b b
T



ldea behind proof:

r r=r-r, r

r r r=r-—r,



Project LinBox |

Approximately 20 researchers from Canada, France, and U.S.

Algorithms and software for symbolic linear algebra, particularly black box
matrix methods

Generic or reusable programming through C++ templates



“Middle-ware”

Maple Mathematica Application
Program
~— | !
plug—and- play \\ v }
software
L inBox
\/f A \\/ generic
- | ~~ _ programming

~
Z l -

C++ types NTL SacLib




Field Design

Goal: Pluggable type for elements in abstract field

Difficulties:

e Common object interface
e Parameterized and unparameterized fields

e Using C++ built-in types, like double and long

Solution: (Dumas et al., 2002)

e Two types: field and element
e No distinction between parameterized and unparameterized fields
e Field object contains methods

e Template wrapper for unparameterized fields



Field Example

Unparametric field from C++ type:

unparam_field<double> F;

unparam_field<double>::

F.init (a,0);

F.init(b,23);
F.init (c,-5);
F.add(a,b,c);

Parametric field (integers modulo 13):

//
//
//
//

a

P o T

param_modular F(13);

param_modular::element

F.init (a,0);

F.init(b,23);
F.init(c,-5);
F.add(a,b,c);

//
//
//
//

a

M O O

element a, b, c;
o)

23

-5

b + c 18

a, b, c;

O mod 13 = 0

23 mod 13 = 10
-5 mod 13 = 8

b + ¢ mod 13 = b5



Conclusion |

Black box linear algebra is

Theoretically: efficient

Practically: implementable through generic programming
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