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try on the sphere. If w
e call the disc-shadow

s rigid figures, then
spherical geom

etry holds good on the plane E w
ith respect to these

rigid
 figures. M

oreover, the plane is finite w
ith

 respect to
 the

disc-shadow
s, since only a finite num

ber of the shadow
s can find

room
 on the plane.

p53
A

t this point som
ebody w

ill say, “That is nonsense. The disc-shad-
ow

s are not rigid figures. W
e have only to m

ove a tw
o-foot rule

about on the plane E
 to convince ourselves that the shadow

s con-
stantly increase in size as they m

ove aw
ay from

 S on the plane to-
w

ards infinity.” But w
hat if the tw

o-foot rule w
ere to behave on the

plane E in the sam
e w

ay as the disc-shadow
s L′? It w

ould then be im
-

possible to show
 that the shadow

s increase in size as they m
ove aw

ay
from

 S; such an assertion w
ould then no longer have any m

eaning
w

hatever. In fact the only objective assertion that can be m
ade about

the disc-shadow
s is just this, that they are related in exactly the sam

e
w

ay as are the rigid discs on the spherical surface in the sense of Eu-
clidean geom

etry.

S19
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W
e m

ust carefully bear in m
ind that our statem

ent as to the grow
th

of the disc-shadow
s, as they m

ove aw
ay from

 S tow
ards infinity, has

in itself no objective m
eaning, as long as w

e are unable to em
ploy

Euclidean rigid bodies w
hich can be m

oved about on the plane E for
the purpose of com

paring the size of the disc-shadow
s. In respect of

the law
s of disposition of the shadow

s L′, the point S has no special
privileges on the plane any m

ore than on the spherical surface.
The representation given above of spherical geom

etry on the plane
is im

portant for us, because it readily allow
s itself to be transferred to

the three-dim
ensional case.

Let us im
agine a point S of our space, and a great num

ber of sm
all

spheres, L′, w
hich can all be brought to coincide w

ith one another.
But these spheres are not to be rigid in the sense of Euclidean geom

-
etry; their radius is to increase (in the sense of Euclidean geom

etry)
w

hen they are m
oved aw

ay from
 S tow

ards infinity, and this increase
is to take place in exact accordance w

ith the sam
e law

 as applies to
the increase of the radii of the disc-shadow

s L′ on the plane.

p55

A
fter having gained a vivid m

ental im
age of the geom

etrical be-
haviour of our L′ spheres, let us assum

e that in our space there are no
rigid bodies at all in the sense of Euclidean geom

etry, but only bod-
ies having the behaviour of our L′ spheres. Then w

e shall have a
vivid representation of three-dim

ensional spherical space, or, rather
of three-dim

ensional spherical geom
etry. H

ere our spheres m
ust be

called “rigid” spheres. Their increase in size as they depart from
 S is

there alw
ays passes one and only one straight line. H

ow
 is this axiom

to be interpreted in the older sense and in the m
ore m

odern sense?
The older interpretation:—

Every one know
s w

hat a straight line is,
and w

hat a point is. W
hether this know

ledge springs from
 an ability

of the hum
an m

ind or from
 experience, from

 som
e collaboration of

the tw
o or from

 som
e other source, is not for the m

athem
atician to

decide. H
e leaves the question to the philosopher. Being based upon

this know
ledge, w

hich precedes all m
athem

atics, the axiom
 stated

above is, like all other axiom
s, self-evident, that is, it is the expres-

sion of a part of this a priori know
ledge.

p30
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The m
ore m

odern
 interpretation:—

G
eom

etry
 treats of entities

w
hich are denoted by the w

ords straight line, point, etc. These enti-
ties do not take for granted any know

ledge or intuition w
hatever, but

they presuppose only the validity of the axiom
s, such as the one

stated above, w
hich are to be taken in a purely form

al sense, i.e. as
void of all content of intuition or experience. These axiom

s are free
creations of the hum

an m
ind. A

ll other propositions of geom
etry are

logical inferences from
 the axiom

s (w
hich are to be taken in the

nom
inalistic sense only). The m

atter of w
hich geom

etry treats is first
defined by the axiom

s. Schlick in his book on epistem
ology has

therefore characterised axiom
s very aptly as “im

plicit definitions.”
This view

 of axiom
s, advocated by m

odern axiom
atics, purges

m
athem

atics of all extraneous elem
ents, and thus dispels the m

ystic
obscurity w

hich form
erly surrounded the principles of m

athem
atics.

p31
But a presentation of its principles thus clarified m

akes it also evi-
dent that m

athem
atics as such cannot predicate anything about per-

ceptual objects or real objects. In axiom
atic geom

etry the w
ords

“point,” “straight line,” etc., stand
 only

 for em
pty

 conceptual
schem

ata. That w
hich gives them

 substance is not relevant to m
athe-

m
atics.
Yet on the other hand it is certain that m

athem
atics generally, and

particularly geom
etry, ow

es its existence to the need w
hich w

as felt
of learning som

ething about the relations of real things to one an-
other. The very w

ord geom
etry, w

hich, of course, m
eans earth-m

ea-
suring, proves this. For earth-m

easuring has to do w
ith the possibili-

ties of the disposition of certain natural objects w
ith respect to one

another, nam
ely, w

ith parts of the earth, m
easuring-lines, m

easuring-
w

ands, etc. It is clear that the system
 of concepts of axiom

atic geom
-

etry alone cannot m
ake any assertions as to the relations of real ob-

jects of this kind, w
hich w

e w
ill call practically-rigid bodies. To be

able to m
ake such assertions, geom

etry m
ust be stripped of its m

erely
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.
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.
To

 a
cc

om
pl

ish
 th
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 b
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 d
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 d
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 c
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 b
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s 
af
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at
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 o
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 b
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 c
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l d
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t f
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s f
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 o
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 c
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 p
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l l
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r m
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w
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w
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xp
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ie
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e
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at
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gh
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s p

ro
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ra
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 p

ra
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ry
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t f
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f r
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 b
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ro
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 c
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 o
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us

 if
 w

e 
ad

m
it 

no
n-

in
er

t s
ys

te
m

s w
e 
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om
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 c
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re
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 o
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e 
re

ad
ily

 a
rri

ve
 a

t 
th
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 b
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 p
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so
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nl
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 c
om
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 p
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sib
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nd
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on
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—
w
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te
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r 

m
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e 
na
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f r
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 re
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 E
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lid
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et
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. F
or
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 c
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-
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ct
io

ns
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 a

nd
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st
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w

e
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 c
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If
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e 
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e 
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n 
be
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n 
th

e



surface w
e m

ay lay squares of cardboard so that each side of any
square has the side of another square adjacent to it. The construction
is never finished; w

e can alw
ays go on laying squares—

if their law
s

of disposition correspond to those of plane figures of Euclidean ge-
om

etry. The plane is therefore infinite in relation to the cardboard
squares. A

ccordingly w
e say that the plane is an infinite continuum

of tw
o dim

ensions, and space an infinite continuum
 of three dim

en-
sions. W

hat is here m
eant by the num

ber of dim
ensions, I think I

m
ay assum

e to be know
n.

p48
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N
ow

 w
e take an exam

ple of a tw
o-dim

ensional continuum
 w

hich
is finite, but unbounded. W

e im
agine the surface of a large globe and

a quantity of sm
all paper discs, all of the sam

e size. W
e place one of

the discs anyw
here on the surface of the globe. If w

e m
ove the disc

about, anyw
here w

e like, on the surface of the globe, w
e do not com

e
upon a lim

it or boundary anyw
here on the journey. Therefore w

e say
that the spherical surface of the globe is an unbounded continuum

.
M

oreover, the spherical surface is a finite continuum
. For if w

e stick
the paper discs on the globe, so that no disc overlaps another, the sur-
face of the globe w

ill finally becom
e so full that there is no room

 for
another disc. This sim

ply m
eans that the spherical surface of the

globe is finite in relation to the paper discs. Further, the spherical sur-
face is a non-Euclidean continuum

 of tw
o dim

ensions, that is to say,
the law

s of disposition for the rigid figures lying in it do not agree
w

ith those of the Euclidean plane. This can be show
n in the follow

-
ing w

ay. Place a paper disc on the spherical surface, and
around it in a circle place six m

ore discs, each of w
hich

is to be surrounded in turn by six discs, and so on. If this
construction is m

ade on a plane surface, w
e have an un-

interrupted
 disposition

 in
 w

hich
 there are six

 discs
touching every disc except those w

hich lie on the out-
side. O

n the spherical surface the construction also seem
s to prom

ise
success at the outset, and the sm

aller the radius of the disc in propor-
tion to that of the sphere, the m

ore prom
ising it seem

s. But as the
construction progresses it becom

es m
ore and m

ore patent that the
disposition of the discs in the m

anner indicated, w
ithout interruption,

is not possible, as it should be possible by Euclidean geom
etry of the

the plane surface. In this w
ay creatures w

hich cannot leave the spher-
ical surface, and cannot even peep out from

 the spherical surface into
three-dim

ensional space, m
ight discover, m

erely by experim
enting

w
ith discs, that their tw

o-dim
ensional “space” is not Euclidean, but

spherical space.
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practically-rigid body and geom
etry, w

e shall indeed not easily free
ourselves from

 the convention that Euclidean geom
etry is to be re-

tained as the sim
plest. W

hy is the equivalence of the practically-rigid
body and the body of geom

etry—
w

hich suggests itself so readily
—

denied by Poincaré and other investigators? Sim
ply because under

closer inspection the real solid bodies in nature are not rigid, because
their geom

etrical behaviour, that is, their possibilities of relative dis-
position, depend upon tem

perature, external forces, etc. Thus the
original, im

m
ediate relation betw

een geom
etry and physical reality

appears destroyed, and w
e feel im

pelled tow
ard the follow

ing m
ore

general view, w
hich characterizes Poincaré’s standpoint. G

eom
etry

(G
) predicates nothing about the relations of real things, but only ge-

om
etry together w

ith the purport (P) of physical law
s can do so. U

s-
ing sym

bols, w
e m

ay say that only the sum
 of (G

) + (P) is subject to
the control of experience. Thus (G

) m
ay be chosen arbitrarily, and

also parts of (P); all these law
s are conventions. A

ll that is necessary
to avoid contradictions is to choose the rem

ainder of (P) so that (G
)

and the w
hole of (P) are together in accord w

ith experience. Envis-
aged in this w

ay, axiom
atic geom

etry and the part of natural law
w

hich has been given a conventional status appear as epistem
ologi-

cally equivalent.

p36
Sub specie aeterni Poincaré, in m

y opinion, is right. The idea of
the m

easuring-rod and the idea of the clock co-ordinated w
ith it in

the theory of relativity do not find their exact correspondence in the
real w

orld. It is also clear that the solid body and the clock do not in
the conceptual edifice of physics play the part of irreducible ele-
m

ents, but that of com
posite structures, w

hich m
ay not play any in-

dependent part in theoretical physics. But it is m
y conviction that in

the present stage of developm
ent of theoretical physics these ideas

m
ust still be em

ployed as independent ideas; for w
e are still far from

possessing such certain know
ledge of theoretical principles as to be

able to give exact theoretical constructions of solid bodies and
clocks.

S9p37

Further, as to the objection that there are no really rigid bodies in
nature, and that therefore the properties predicated of rigid bodies do
not apply to physical reality,—

this objection is by no m
eans so radi-

cal as m
ight appear from

 a hasty exam
ination. For it is not a difficult

task to determ
ine the physical state of a m

easuring-rod so accurately
that its behaviour relatively to other m

easuring-bodies shall be suffi-
ciently free from

 am
biguity to allow

 it to be substituted for the
“rigid” body. It is to m

easuring-bodies of this kind that statem
ents as
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is

 q
ue

sti
on

 is
 “

N
o,

” 
bu

t t
ha

t i
s 

no
t t

he
 ri

gh
t

an
sw

er
. T

he
 p

ur
po

se
 o

f t
he

 fo
llo

w
in

g 
re

m
ar

ks
 is

 to
 sh

ow
 th

at
 th

e 
an

-
sw

er
 sh

ou
ld

 b
e 

“Y
es

.”
 I 

w
an

t t
o 

sh
ow

 th
at

 w
ith

ou
t a

ny
 e

xt
ra

or
di

na
ry

di
ffi

cu
lty

 w
e 

ca
n 

ill
us

tra
te

 th
e 

th
eo

ry
 o

f a
 fi

ni
te

 u
ni

ve
rs

e 
by

 m
ea

ns
 o

f
a 

m
en

ta
l i

m
ag

e 
to

 w
hi

ch
, w

ith
 so

m
e 

pr
ac

tic
e,

 w
e 

sh
al

l s
oo

n 
gr

ow
 a

c-
cu

sto
m

ed
.

p4
6

Fi
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at
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r b
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 s
pa

ce
 is

 in
fi-

ni
te

? 
N

ot
hi

ng
 m

or
e 

th
an

 th
at

 w
e 

m
ig

ht
 la

y 
an

y 
nu

m
be

r w
ha

te
ve

r o
f

bo
di

es
 o

f e
qu

al
 si

ze
s s

id
e 

by
 si

de
 w

ith
ou

t e
ve

r fi
lli

ng
 sp

ac
e.

 S
up

po
se

th
at

 w
e 

ar
e 

pr
ov

id
ed

 w
ith

 a
 g

re
at

 m
an

y 
w

oo
de

n 
cu

be
s a

ll 
of

 th
e 

sa
m

e
siz

e.
 I

n 
ac

co
rd

an
ce

 w
ith

 E
uc

lid
ea

n 
ge

om
et

ry
 w

e 
ca

n 
pl

ac
e 

th
em

ab
ov

e,
 b

es
id

e,
 a

nd
 b

eh
in

d 
on

e 
an

ot
he

r s
o 

as
 to

 fi
ll 

a 
pa

rt 
of

 sp
ac

e 
of

an
y 

di
m

en
sio

ns
; 

bu
t 

th
is

 c
on

str
uc

tio
n 

w
ou

ld
 n

ev
er

 b
e 

fin
ish

ed
; 

w
e

co
ul

d 
go

 o
n 

ad
di

ng
 m

or
e 

an
d 

m
or

e 
cu

be
s 

w
ith

ou
t e

ve
r 

fin
di

ng
 th

at
th

er
e 

w
as

 n
o 

m
or

e 
ro

om
. T

ha
t i

s 
w

ha
t w

e 
w

ish
 to

 e
xp

re
ss

 w
he

n 
w

e
sa

y 
th

at
 sp

ac
e 

is
 in

fin
ite

. I
t w

ou
ld

 b
e 

be
tte

r t
o 

sa
y 

th
at

 sp
ac

e 
is

 in
fi-

ni
te

 in
 re

la
tio

n 
to

 p
ra

ct
ic

al
ly

-ri
gi

d 
bo

di
es

, a
ss

um
in

g 
th

at
 th

e 
la

w
s 

of
di

sp
os

iti
on

 fo
r t

he
se

 b
od

ie
s a

re
 g

iv
en

 b
y 

Eu
cl

id
ea

n 
ge

om
et

ry
.
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A
no

th
er

 e
xa

m
pl

e 
of

 a
n 

in
fin

ite
 c

on
tin

uu
m

 is
 th

e 
pl

an
e.

 O
n 

a 
pl

an
e

to
 ri

gi
d 

bo
di

es
 m

us
t b

e 
re

fe
rre

d.
A

ll 
pr

ac
tic

al
 g

eo
m

et
ry

 is
 b

as
ed

 u
po

n 
a 

pr
in

ci
pl

e 
w

hi
ch

 is
 a

cc
es

si-
bl

e 
to

 e
xp

er
ie

nc
e,

 a
nd

 w
hi

ch
 w

e 
w

ill
 n

ow
 tr

y 
to

 re
al

ise
. W

e 
w

ill
 c

al
l

th
at

 w
hi

ch
 is

 e
nc

lo
se

d 
be

tw
ee

n 
tw

o 
bo

un
da

rie
s, 

m
ar

ke
d 

up
on

 a
 p

ra
c-

tic
al

ly
-ri

gi
d 

bo
dy

, a
 tr

ac
t. 

W
e 

im
ag

in
e 

tw
o 

pr
ac

tic
al

ly
-ri

gi
d 

bo
di

es
,

ea
ch

 w
ith

 a
 tr

ac
t m

ar
ke

d 
ou

t o
n 

it.
 T

he
se

 tw
o 

tra
ct

s 
ar

e 
sa

id
 to

 b
e

“e
qu

al
 to

 o
ne

 a
no

th
er

” 
if

 th
e 

bo
un

da
rie

s 
of

 th
e 

on
e 

tra
ct

 c
an

 b
e

br
ou

gh
t t

o 
co

in
ci

de
 p

er
m

an
en

tly
 w

ith
 th

e 
bo

un
da

rie
s o

f t
he

 o
th

er
. W

e
no

w
 a

ss
um

e 
th

at
:

If
 tw

o 
tra

ct
s 

ar
e 

fo
un

d 
to

 b
e 

eq
ua

l o
nc

e 
an

d 
an

yw
he

re
, t

he
y 

ar
e

eq
ua

l a
lw

ay
s a

nd
 e

ve
ry

w
he

re
.
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N
ot

 o
nl

y 
th

e 
pr

ac
tic

al
 g

eo
m

et
ry

 o
f E

uc
lid

, b
ut

 a
lso

 it
s n

ea
re

st
 g

en
-

er
al

isa
tio

n,
 th

e 
pr

ac
tic

al
 g

eo
m

et
ry

 o
f 

Ri
em

an
n,

 a
nd

 th
er

ew
ith

 th
e

ge
ne

ra
l t

he
or

y 
of

 re
la

tiv
ity

, r
es

t u
po

n 
th

is
 a

ss
um

pt
io

n.
 O

f t
he

 e
xp

er
i-

m
en

ta
l 

re
as

on
s 

w
hi

ch
 w

ar
ra

nt
 th

is
 a

ss
um

pt
io

n 
I 

w
ill

 m
en

tio
n 

on
ly

on
e.

 T
he

 p
he

no
m

en
on

 o
f t

he
 p

ro
pa

ga
tio

n 
of

 li
gh

t i
n 

em
pt

y 
sp

ac
e 

as
-

sig
ns

 a
 tr

ac
t, 

na
m

el
y,

 th
e 

ap
pr

op
ria

te
 p

at
h 

of
 li

gh
t, 

to
 e

ac
h 

in
te

rv
al

 o
f

lo
ca

l t
im

e,
 a

nd
 c

on
ve

rs
el

y.
 T

he
nc

e 
it 

fo
llo

w
s 

th
at

 th
e 

ab
ov

e 
as

su
m

p-
tio

n 
fo

r t
ra

ct
s 

m
us

t a
lso

 h
ol

d 
go

od
 fo

r i
nt

er
va

ls
 o

f c
lo

ck
-ti

m
e 

in
 th

e
th

eo
ry

 o
f 

re
la

tiv
ity

. 
Co

ns
eq

ue
nt

ly
 i

t 
m

ay
 b

e 
fo

rm
ul

at
ed

 a
s 

fo
l-

lo
w

s:—
If

 tw
o 

id
ea

l c
lo

ck
s a

re
 g

oi
ng

 a
t t

he
 sa

m
e 

ra
te

 a
t a

ny
 ti

m
e 

an
d

at
 a

ny
 p

la
ce

 (b
ei

ng
 th

en
 in

 im
m

ed
ia

te
 p

ro
xi

m
ity

 to
 e

ac
h 

ot
he

r),
 th

ey
w

ill
 a

lw
ay

s 
go

 a
t t

he
 sa

m
e 

ra
te

, n
o 

m
at

te
r w

he
re

 a
nd

 w
he

n 
th

ey
 a

re
ag

ai
n 

co
m

pa
re

d 
w

ith
 e

ac
h 

ot
he

r a
t o

ne
 p

la
ce

.—
If

 th
is

 la
w

 w
er

e 
no

t
va

lid
 fo

r r
ea

l c
lo

ck
s, 

th
e 

pr
op

er
 fr

eq
ue

nc
ie

s f
or

 th
e 

se
pa

ra
te

 a
to

m
s o

f
th

e 
sa

m
e 

ch
em

ic
al

 e
le

m
en

t w
ou

ld
 n

ot
 b

e 
in

 su
ch

 e
xa

ct
 a

gr
ee

m
en

t a
s

ex
pe

rie
nc

e 
de

m
on

str
at

es
. T

he
 e

xi
ste

nc
e 

of
 s

ha
rp

 s
pe

ct
ra

l 
lin

es
 is

 a
co

nv
in

ci
ng

 e
xp

er
im

en
ta

l p
ro

of
 o

f 
th

e 
ab

ov
e-

m
en

tio
ne

d 
pr

in
ci

pl
e 

of
pr

ac
tic

al
 g

eo
m

et
ry

. T
hi

s 
is

 th
e 

ul
tim

at
e 

fo
un

da
tio

n 
in

 fa
ct

 w
hi

ch
 e

n-
ab

le
s 

us
 to

 s
pe

ak
 w

ith
 m

ea
ni

ng
 o

f 
th

e 
m

en
su

ra
tio

n,
 in

 R
ie

m
an

n’
s

se
ns

e 
of

 th
e 

w
or

d,
 o

f t
he

 fo
ur

-d
im

en
sio

na
l c

on
tin

uu
m

 o
f s

pa
ce

-ti
m

e.
Th

e 
qu

es
tio

n 
w

he
th

er
 th

e 
str

uc
tu

re
 o

f t
hi

s c
on

tin
uu

m
 is

 E
uc

lid
ea

n,
or

 in
 a

cc
or

da
nc

e 
w

ith
 R

ie
m

an
n’

s 
ge

ne
ra

l 
sc

he
m

e,
 o

r 
ot

he
rw

ise
, i

s,
ac

co
rd

in
g 

to
 th

e 
vi

ew
 w

hi
ch

 is
 h

er
e 

be
in

g 
ad

vo
ca

te
d,

 p
ro

pe
rly

 sp
ea

k-
in

g 
a 

ph
ys

ic
al

 q
ue

sti
on

 w
hi

ch
 m

us
t b

e 
an

sw
er

ed
 b

y 
ex

pe
rie

nc
e,

 a
nd

no
t 

a 
qu

es
tio

n 
of

 a
 m

er
e 

co
nv

en
tio

n 
to

 b
e 

se
le

ct
ed

 o
n 

pr
ac

tic
al

gr
ou

nd
s.

 R
ie

m
an

n’
s 

ge
om

et
ry

 w
ill

 b
e 

th
e 

rig
ht

 th
in

g 
if 

th
e 

la
w

s 
of

di
sp

os
iti

on
 o

f p
ra

ct
ic

al
ly

-ri
gi

d 
bo

di
es

 a
re

 tr
an

sf
or

m
ab

le
 in

to
 th

os
e 

of
th

e 
bo

di
es

 o
f 

Eu
cl

id
’s

 g
eo

m
et

ry
 w

ith
 a

n 
ex

ac
tit

ud
e 

w
hi

ch
 in

cr
ea

se
s

in
 p

ro
po

rti
on

 a
s 

th
e 

di
m

en
sio

ns
 o

f t
he

 p
ar

t o
f s

pa
ce

-ti
m

e 
un

de
r c

on
-

sid
er

at
io

n 
ar

e 
di

m
in

ish
ed

.



and reaction betw
een it and the other bodies in the universe, as in-

deed, ever since N
ew

ton’s tim
e, gravity has been com

pletely reduced
to action and reaction betw

een bodies. From
 the equations of the

general theory of relativity it can be deduced that this total reduction
of inertia to reciprocal action betw

een m
asses—

as required by E.
M

ach, for exam
ple—

is possible only if the universe is spatially fi-
nite.

p43

O
n m

any physicists and astronom
ers this argum

ent m
akes no im

-
pression. Experience alone can finally decide w

hich of the tw
o possi-

bilities is realised in nature. H
ow

 can experience furnish an answ
er?

A
t first it m

ight seem
 possible to determ

ine the m
ean density of m

at-
ter by observation of that part of the universe w

hich is accessible to
our perception. This hope is illusory. The distribution of the visible
stars is extrem

ely irregular, so that w
e on no account m

ay venture to
set dow

n the m
ean density of star-m

atter in the universe as equal, let
us say, to the m

ean density in the M
ilky W

ay. In any case, how
ever

great the space exam
ined m

ay be, w
e could not feel convinced that

there w
ere no m

ore stars beyond that space. So it seem
s im

possible
to estim

ate the m
ean density.

S13

p44

But there is another road, w
hich seem

s to m
e m

ore practicable, al-
though it also presents great difficulties. For if w

e inquire into the de-
viations show

n by the consequences of the general theory of relativ-
ity w

hich are accessible to experience, w
hen these are com

pared w
ith

the consequences of the N
ew

tonian theory, w
e first of all find a devi-

ation w
hich show

s itself in close proxim
ity to gravitating m

ass, and
has been confirm

ed in the case of the planet M
ercury. But if the uni-

verse is spatially finite there is a second deviation from
 the N

ew
to-

nian theory, w
hich, in the language of the N

ew
tonian theory, m

ay be
expressed thus:—

The gravitational field is in its nature such as if it
w

ere produced, not only by the ponderable m
asses, but also by a

m
ass-density

 of negative sign, distributed
 uniform

ly
 throughout

space. Since this factitious m
ass-density w

ould have to be enor-
m

ously sm
all, it could m

ake its presence felt only in gravitating sys-
tem

s of very great extent.
A

ssum
ing that w

e know, let us say, the statistical distribution of
the stars in the M

ilky W
ay, as w

ell as their m
asses, then by N

ew
ton’s

law
 w

e can calculate the gravitational field and the m
ean velocities

w
hich the stars m

ust have, so that the M
ilky W

ay should not collapse
under the m

utual attraction of its stars, but should m
aintain its actual

extent. N
ow

 if the actual velocities of the stars, w
hich can, of course,

be m
easured, w

ere sm
aller than the calculated velocities, w

e should

p40
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It is true that this proposed physical interpretation of geom
etry

breaks dow
n w

hen applied im
m

ediately to spaces of sub-m
olecular

order of m
agnitude. But nevertheless, even in questions as to the

constitution of elem
entary particles, it retains part of its im

portance.
For even w

hen it is a question of describing the electrical elem
entary

particles constituting m
atter, the attem

pt m
ay still be m

ade to ascribe
physical im

portance to those ideas of fields w
hich have been physi-

cally defined for the purpose of describing the geom
etrical behaviour

of bodies w
hich are large as com

pared w
ith the m

olecule. Success
alone can decide as to the justification of such an attem

pt, w
hich pos-

tulates physical reality for the fundam
ental principles of Riem

ann’s
geom

etry outside of the dom
ain of their physical definitions. It m

ight
possibly turn out that this extrapolation has no better w

arrant than the
extrapolation of the idea of tem

perature to parts of a body of m
olecu-

lar order of m
agnitude.

p41

It appears less problem
atical to extend the ideas of practical geom

-
etry to spaces of cosm

ic order of m
agnitude. It m

ight, of course, be
objected that a construction com

posed of solid rods departs m
ore and

m
ore from

 ideal rigidity in proportion as its spatial extent becom
es

greater. But it w
ill hardly be possible, I think, to assign fundam

ental
significance to this objection. Therefore the question w

hether the uni-
verse is spatially finite or not seem

s to m
e decidedly a pregnant ques-

tion in the sense of practical geom
etry. I do not even consider it im

-
possible that this question w

ill be answ
ered before long by astron-

om
y. Let us call to m

ind w
hat the general theory of relativity teaches

in this respect. It offers tw
o possibilities:—

1. The universe is spatially infinite. This can be so only if the aver-
age spatial density of the m

atter in universal space, concentrated in
the stars, vanishes, i.e. if the ratio of the total m

ass of the stars to the
m

agnitude of the space through w
hich they are scattered approxi-

m
ates indefinitely to the value zero w

hen the spaces taken into con-
sideration are constantly greater and greater.

p42

2. The universe is spatially finite. This m
ust be so, if there is a

m
ean density of the ponderable m

atter in universal space differing
from

 zero. The sm
aller that m

ean density, the greater is the volum
e

of universal space.
S12

I m
ust not fail to m

ention that a theoretical argum
ent can be ad-

duced in favour of the hypothesis of a finite universe. The general
theory of relativity teaches that the inertia of a given body is greater
as there are m

ore ponderable m
asses in proxim

ity to it; thus it seem
s

very natural to reduce the total effect of inertia of a body to action


