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│

│
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│

│
│

│
│

│
│

│
│

│
├

─
│

│
φ 

[a
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m
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│

⋯
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│
⋯

│
│

⋯
│

│
│
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│
│

├
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│
│

│
│
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│
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│
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│

⋯
│
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│

⋯
│

│
⋯

│
│

│
│

│
│

│
│
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⋯

│
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│
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⊥

│
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│
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│
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│
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│
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│
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│
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│
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│
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│
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│
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│
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│
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│
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│
¬ 

(φ
 ∧

 ψ
)

n
│

⋯
│

│
⋯

n 
M

PT
│

│
¬

 φ
│

│
│

├
─

│
│

χ
│

⋯

Re
du

ct
io

 a
d 

ab
su

rd
um

 (R
A

A
)

│
⋯

│
│

⋯
│

│
│

│
│

│
│

│
│

│
│

├
─

│
│

¬ 
φ

│
⋯

→

│
⋯

│
│

⋯
│

│
│

φ
│

│
├

─
│

│
│

│
│

├
─

│
│

│
⊥

n
│

├
─

n 
RA

A
│

│
¬ 

φ
│

⋯

co
nj

un
ct

io
n

φ 
∧ 
ψ

Ex
tra

ct
io

n 
(E

xt
)

│
⋯

│
φ 

∧ 
ψ

│
⋯

│
│

⋯
│

│
│

│
│

│
│

│
⋯

│
⋯

→

│
⋯

│
φ 

∧ 
ψ

n
│

⋯
│

│
⋯

n 
Ex

t│
│

φ
n 

Ex
t│

│
ψ

│
│

│
│

⋯
│

⋯

C
on

ju
nc

tio
n 

(C
nj

)
│

⋯
│

│
⋯

│
│

│
│

│
│

│
│

│
│

│
│

│
│

│
│

│
│

│
├

─
│

│
φ 

∧ 
ψ

│
⋯

→

│
⋯

│
│

⋯
│

│
│

│
│

│
│

│
├

─
│

│
│

φ
n

│
│

│
│

│
│

│
│

│
│

├
─

│
│

│
ψ

n
│

├
─

n 
Cn

j│
│

φ 
∧ 

ψ
│

⋯

± ±



Attachm
ent rules

w
hat is required

added resource
rule

τ and υ
are co-aliases

τ = υ

C
o-alias Equation (C

E)
│

⋯
│

[τ and υ are co-aliases]
│

⋯
│

│
⋯

│
│

│
│

│
├

─
│

│
φ

│
⋯

→

│
⋯

│
[τ and υ are co-aliases]

│
⋯

│
│

⋯
n CE │

│
τ =

 υ
X

│
│

│
├

─
│

│
φ

│
⋯

have co-alias
relations
τ

—
υ

, ⋯
,

τ
—
υ

and θτ
⋯
τ

 is
available

θυ
⋯
υ

C
ongruence (C

ng)
│

⋯
│

[have co-alias relations:
│

[havexxxτ
—

υ
, ⋯
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—

υ
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│
⋯

│
θτ

⋯
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│
⋯

│
│

⋯
│

│
│

│
│

├
─

│
│

φ
│

⋯
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│
⋯

│
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│
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, ⋯
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—
υ
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│

⋯
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⋯
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│
⋯

│
│

⋯
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│
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⋯
υ

X
│

│
│

├
─

│
│

φ
│

⋯
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∃x θx

Existential G
eneralization (EG

)
│

⋯
│
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│

⋯
│

│
⋯

│
│

│
│

│
├

─
│

│
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│
⋯
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│
⋯

│
θτ

(n)
│
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│

│
⋯
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∃x θx

X
│

│
│

├
─

│
│

φ
│

⋯
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│
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│
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│
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│
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│
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│
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│
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│
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│
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│
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⋯
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│
⋯

│
│

⋯
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│
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│
│
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─
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│

χ
│

⋯
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│
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│
⋯

│
φ ∨ ψ

n
│

⋯
│

│
⋯
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│
ψ

│
│

│
├

─
│

│
χ

│
⋯

│
¬
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│
⋯

│
φ ∨ ψ

│
⋯

│
│

⋯
│

│
│

│
│

├
─

│
│

χ
│

⋯
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│
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│
⋯

│
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n
│

⋯
│

│
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│
φ

│
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│
χ

│
⋯
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│
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│

│
⋯

│
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│
│

│
│

│
│

│
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│
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│
⋯
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│
⋯

│
│

⋯
│

│
│

¬
 φ

│
│

├
─

│
│

│
│

│
├

─
│

│
│

ψ
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│
├

─
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│
φ ∨ ψ

│
⋯

O
R

│
⋯

│
│

⋯
│

│
│

│
│

│
│

│
│

│
│

├
─

│
│

φ ∨ ψ
│

⋯
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│
⋯

│
│

⋯
│

│
│

¬
 ψ

│
│

├
─

│
│

│
│

│
├

─
│

│
│

φ
n

│
├

─
n PE │

│
φ ∨ ψ

│
⋯
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φ →

 ψ

R
ejecting a C

onditional (R
C

)
│

⋯
│

φ →
 ψ

│
⋯

│
│

⋯
│

│
│

│
│

│
│

│
│

│
│

│
│

│
│

│
│

│
│

├
─

│
│

⊥
│

⋯

→

│
⋯

│
φ →

 ψ
n

│
⋯

│
│

⋯
│

│
│

│
│

├
─

│
│

│
φ

n
│

│
│

│
│

ψ
│

│
├

─
│

│
│

│
│

├
─

│
│

│
⊥

n
│

├
─
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│

⊥
│

⋯
M
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PP)

│
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│
⋯

│
φ →

 ψ
│

⋯
│

│
⋯

│
│

│
│

│
├

─
│

│
χ

│
⋯

→

│
φ

(n)
│

⋯
│

φ →
 ψ

n
│

⋯
│

│
⋯

n M
PP │

│
ψ

│
│

│
├

─
│

│
χ

│
⋯

M
odus Tollendo Tollens (M

TT)
│

¬
 ψ

 [available]
│

⋯
│

φ →
 ψ

│
⋯

│
│

⋯
│

│
│

│
│

├
─

│
│

χ
│

⋯

→

│
¬

 ψ
(n)

│
⋯

│
φ →

 ψ
n

│
⋯

│
│

⋯
n M

TT │
│

¬
 φ

│
│

│
├

─
│

│
χ

│
⋯

C
onditional Proof (C

P)
│

⋯
│

│
⋯

│
│

│
│

│
│

│
│

│
│

│
├

─
│

│
φ →

 ψ
│

⋯

→

│
⋯

│
│

⋯
│

│
│

φ
│

│
├

─
│

│
│

│
│

├
─

│
│

│
ψ

n
│

├
─

n CP │
│

φ →
 ψ

│
⋯

±
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±
±

±±

±
±

±



A
dd

iti
on

al
 r

ul
es

 (n
ot

 g
ua

ra
nt

ee
d 

to
 b

e 
pr

og
re

ss
iv

e)

At
ta
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eq
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d
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de

d 
re
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ur

ce
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φ 
an

d 
ψ

ar
e 

bo
th

 a
va

ila
bl

e
φ 

∧ 
ψ

A
dj

un
ct

io
n 

(A
dj

)
│

⋯
│

φ 
[a

va
ila

bl
e]

│
⋯

│
ψ

 [a
va

ila
bl

e]
│

⋯
│

│
⋯

│
│

│
│

│
│

│
│

│
├

─
│

│
χ

│
⋯

→

│
⋯

│
φ

(n
)

│
⋯

│
ψ

(n
)

│
⋯

│
│

⋯
n 

A
dj

│
│

φ 
∧ 

ψ
X

│
│

│
│

│
│

│
├

─
│

│
χ

│
⋯

¬
 φ

 o
r ¬

 ψ
is

 a
va

ila
bl

e
¬ 

(φ
 ∧

 ψ
)

W
ea

ke
ni

ng
 (W

k)

│
⋯

│
¬

 φ
 [a

va
ila

bl
e]

│
⋯

│
│

⋯
│

│
│

│
│

├
─

│
│

χ
│

⋯

→

│
⋯

│
¬

 φ
(n

)
│

⋯
│

│
⋯

n 
W

k│
│

¬ 
(φ

 ∧
 ψ

)
X

│
│

│
├

─
│

│
χ

│
⋯

│
⋯

│
¬

 ψ
 [a

va
ila

bl
e]

│
⋯

│
│

⋯
│

│
│

│
│

├
─

│
│

χ
│

⋯

→

│
⋯

│
¬

 ψ
(n

)
│

⋯
│

│
⋯

n 
W

k│
│

¬ 
(φ

 ∧
 ψ

)
X

│
│

│
├

─
│

│
χ

│
⋯

φ 
or

 ψ
is

 a
va

ila
bl

e
φ 

∨ 
ψ

│
⋯

│
φ 

[a
va

ila
bl

e]
│

⋯
│

│
⋯

│
│

│
│

│
├

─
│

│
χ

│
⋯

→

│
⋯

│
φ

(n
)

│
⋯

│
│

⋯
n 

W
k│

│
φ 

∨ 
ψ

X
│

│
│

├
─

│
│

χ
│

⋯

│
⋯

│
ψ

 [a
va

ila
bl

e]
│

⋯
│

│
⋯

│
│

│
│

│
├

─
│

│
χ

│
⋯

→

│
⋯

│
ψ

(n
)

│
⋯

│
│

⋯
n 

W
k│

│
φ 

∨ 
ψ

X
│

│
│

├
─

│
│

χ
│

⋯

¬
 φ

 o
r ψ

is
 a

va
ila

bl
e

φ 
→

 ψ

│
¬

 φ
 [a

va
ila

bl
e]

│
⋯

│
│

⋯
│

│
│

│
│

├
─

│
│

χ
│

⋯

→

│
¬

 φ
(n

)
│

⋯
│

│
⋯

n 
W

k│
│

φ 
→

 ψ
X

│
│

│
├

─
│

│
χ

│
⋯

│
ψ

 [a
va

ila
bl

e]
│

⋯
│

│
⋯

│
│

│
│

│
├

─
│

│
χ

│
⋯

→

│
ψ

(n
)

│
⋯

│
│

⋯
n 

W
k│

│
φ 

→
 ψ

X
│

│
│

├
─

│
│

χ
│

⋯

±
±

±
±

±
±

±

±
±

Ru
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s f
or

 d
ev

el
op

in
g 

ga
ps
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Rules for closing gaps (equations)
In addition to the follow

ing rules for closing gaps, if the conditions for applying any rule are m
et except for

differences betw
een co-aliases, then the rule can be applied and is notated by adding “=” to its label; Q

ED
=

and N
c= below

 are exam
ples of this in the case of rules for closing gaps.

w
hen to close
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co-aliases
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goal
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)
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│
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│
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⊥
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Rules for closing gaps (truth-functional logic)
w

hen to close
rule
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goal
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