COMMENTS ON THE GRAM-SCHMIDT
PROCESS AND PROJECTIONS

MaTH 223 SPRING 2001

The Gram-Schmidt process is an algorithm that takes a collection of linearly indepen-
dent vectors uy,...,u, in an inner product space V' and converts them into an orthogonal
collection of unit vectors eq,...,e,. There are some things to note about the algorithm
that lend some insight into what it is doing.

If the formulas in the book are written in terms of the intermediate collection of vectors

Vi,...,Vn by replacing e; with v;/||v;||, we have
Vi = uj,
Vo = Uy — <u27vl>
(vl,v
113,V1 <113,V2> )
V3 = u3 — + V2,
V17V1 <V27V2>

Ve — (MV1+...+MVH) for k < n.
(vi,v1) (Vik—1,Vk-1)

These formulas are not particularly good from a computational standpoint, since the inner
products (vi, V1), (va, va), etc., would have to be computed repeatedly, however there are
some things that are perhaps more evident from them. We see that vy is a linear combi-
nation of u; (= v1) and uz. It follows that span{vi,va} = span{u;, us}. Similarly, vs is
a linear combination of v{, vo and us, and so of uy, us and us, since v; and vy are linear
combinations of u; and us. It follows that span{vi,va,v3} = span{uj,us,us}. Contin-

uing (there is an induction argument), we get that span{vy,..., vy} = span{us,...,ux}
for each k < n. Since e; = v;/||v;||, we have span{ei,...,er} = span{uy,...,ur}. If we
let

Vi = span{e; } = span{u; },

Vo = span{ej, ez} = span{u;, us},

Vi = span{ey,...,e;} = span{uy,...,ur} for k <mn,
we see that the process preserves the nested sequence of subspaces

wcWec---CcVpC---CV,.



Another observation from the formulas above (and which is made in the book) is that the
(w,v;)
(Vi,vi)

process involves projections. In particular, for any w € V' we have Proj, w = i =

(w,e;) e; = Proj, w. Thus the Gram-Schmidt formulas can be written as

Vi = uj,
vy = uz — Proj,, ua,

Vg = ug — (Projvlug + Projv2u3) ,

Vi = up — <Pr0jvluk + -+ Proij_luk) for k <n.

In Section 4.5 the author (Messer) defines projection into a subspace. With that concept
in mind we see that Proj,, w + -+ + Proj,, W is projection of w into the subspace Vi,
written as Projy,  w, and so the formulas can be written as

Vi = uj,
vy = uz — Projy, uz,

v3 = uz — Projy,us,

Vi = ug — Projy,  ug for k <n.

I’'ll make one final observation. If S is a subspace of V and w € V, then, as is pointed
out in Section 4.5, the vector w — Projgw is perpendicular to S (more precisely, it is per-
pendicular to every vector in S). If we let S+ be the collection of all vectors perpendicular
to S, then w — Projgw is in S+. It should come as no surprise that S+ is a subspace of
V' (you should be able to prove this!), called the orthogonal complement of S. Now the
process of projecting w into S was one of writing w as the sum of two vectors, one in S
and one perpendicular to S, that is, in S+. The one that’s in S is Projgw, and so the one
that’s in S+ is Projg. w, that is, w = Projow + Projg. w, or w — Projow = Projg.w.
Thus the Gram-Schmidt formulas can be written as

Vi = uj,
Vo = Projvﬁ ug,

V3 = PI'OjV2L us,

Vi = PI'OijL_lL'Ik for k <n.

Thus at each step of the algorithm we consider the subspace Vi_1 = span{uy,...,ug_1}.
The vector uy is not in Vi _1. It might not be perpendicular to Vi_1, and so we replace it
with its component that is perpendicular to Vi_1, that is, its component in V,j_ 1> which
is ProijL_ U Note that the subspaces Vit, ..., V- are also nested, but in reverse order
from Vi,..., Vy:

VioVi o ovih



